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Numerical-field analysis of differential leakage reactance of stator winding in three-phase
induction motors

Introduction. The differential leakage reactance (DLR) of the stator winding of three-phase induction motors (TIM) is considered. It is
known that DLR is the sum of the self-induction resistances of the winding from all harmonics of its magnetic field, excluding the first one,
and its analytical definition is too complicated. But this reactance is a mandatory design element, including for calculating a number of
other parameters and characteristics of such motors. Problem. Because of this, in the current classical design methods, the DLR are
determined by a simplified formula with the addition of a number of coefficients, tabular and graphical dependencies. As a result, not only
the physical and mathematical meaning of DLR is lost, but even the accuracy of its calculation is difficult to assess. Goal. The purpose of the
paper consists in the comparative verification of the classical design calculation of the DLR of the TIM stator winding by numerical-field
analysis of the harmonic composition of the EMF of self-inductions in this winding and by the determination of the considered DLR on such
a basis. Methodology. Harmonic analysis is performed by obtaining the angular and time discrete functions of the magnetic flux linkage
(MFL) of the stator winding with their formation in two ways: single-position calculation of the magnetic field and conditional rotation of
the phase zones of the winding, or multi-position calculations of the rotating magnetic field and determination of the MFL of stationary
phase zones. Results. Computational analysis is performed for nine common variants of TIM, designed according to a single classical
method with variation of their power and the number of poles. Originality. A comparison of the results of the classical and numerical-field
calculations of the DLR using the FEMM program showed their large discrepancy, which is attributed to the indicated inadequacy of the
first one, since the second option is devoid of the shortcomings of the first one due to the fact that it takes into account the dimensions of the
TIM structures, the saturation of the magnetic circuit and the physical and mathematical essence of the parameters and values under
consideration. Practical value. The presented method of numerical-field analysis and the obtained results of calculating the DLR of the TIM
stator winding are recommended as a basis for improving the system of their design. At the same time, a similar approach can be applied to
the DLR of the TIM rotor winding, but taking into account its features. References 27, tables 13, figures 7.
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Introduction. Three-phase induction motors (TIMs)
are diverse and widespread in the technosphere around the
world. Their improvement is always relevant and occurs
due to various factors, including increasing the accuracy
and efficiency of the design system.

Among the design parameters of the TIMs, the active
and reactive resistances of its windings are mandatory and
important. At the same time, calculations of the inductive
resistances of their scattering are usually more complex and
insufficiently adequate. This applies to the resistances of
differential, slot and frontal scattering, for which specific
magnetic conductivities are determined, but in classical
design, for example in [1, 2], this is done using methods
with fairly approximate formulas.

First of all, this is characteristic of the differential
leakage reactance (DLR), which reflects the presence of

higher harmonic components in the magnetic field in the
gap between the stator and rotor cores. This reactance is
determined by a simplified empirical formula that takes
into account the minimum parameters of specific TIMs
and does not affect the physical essence of the harmonic
composition of the specified fields, but it is reinforced by
a number of «opaque» coefficients, tabular and graphical
dependencies. As a result, not only is the physical and
mathematical meaning of DLR lost, but even the accuracy
of its calculation is difficult to assess.

The problem of classical calculations of inductive
leakage reactances is that their methods are based on
simpler magnetic field models, oriented on the theory of
magnetic circuits, which does not give sufficiently
adequate results due to the complex geometry of the
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electromagnetic system of TIMs and, accordingly, the
structure of real magnetic fields.

In this sense, it is currently relevant to revise the
conservative classical system of TIM design based on
direct calculations of magnetic fields by numerical
methods, for which there are appropriate software tools,
for example, COMSOL Multiphysics, ANSYS Maxwell,
FEMM, etc., which allow to avoid forced conventions and
simplifications when determining the leakage reactances
of TIM windings.

The use of various software complexes, as well as
other experimental and computational studies of the
characteristics and parameters of TIMs is reflected in a
significant number of works, for example, in [3-21]. But,
focusing on the implementation of a specific goal, each of
them does not actually concern the analysis of the leakage
reactances of TIM windings. This means that such works
only use the data obtained during the classical design or
creation of TIMs, but the analysis of these parameters
does not occur. Therefore, the task of a detailed analysis
of the methodology for calculating the leakage reactances
of TIM windings remains insufficiently studied and is
currently relevant.

This is especially true for the parameters of
differential scattering of TIM windings, which are the
least studied due to the complexity of the physical process
of their formation, although the share of this scattering
among its other components is usually predominant.

The goal of the work is to further develop the TIM
design system through numerical-field calculation
analysis of the differential leakage reactance of their
stator winding, as well as a comparative check of the
corresponding empirical formulas inherent in the methods
of traditional design calculations.

Analysis of recent research. Despite the very long
development and use of TIMs, research on their further
study and improvement as such, as well as improving
their operation in electric drive systems, continues on a
fairly broad scale, for example, in works [3-10]. And
these works to one degree or another affect the parameters
of these motors.

Thus, in [3] for energy saving, an online estimation
of TIM parameters using an extended Kalman filter is
proposed. It is noted that to calculate the optimal value of
the stator current for energy saving, its exact parameters
are required, which are estimated in real time using an
online estimator, and that this can ensure minimal power
losses for the TIM drive.

The goal of the work [4] is to study the effectiveness
of implementing fuzzy logic on FPGA programmable
logic circuits for diagnosing failures of induction
machines in case of phase asymmetry and their breaks.
This is done on the basis of fuzzy logic and analysis of the
motor stator current signals, its root-mean-square value.

In the article [5], a new method for diagnosing
broken rotor bars in a lightly loaded induction machine in
a stationary operation mode is provided. This method is
used to solve the problem of using traditional methods,
such as the Fourier transform signal processing algorithm,
by analyzing the stator current envelope curve using
discrete and continuous wavelet transform.

In [6], the development of a neural network model is
presented, which allows generating a large database that
can cover the maximum possible faults of the TIM stator.
They take into account short circuits with large
fluctuations in the machine load. The aim is also to
automate the diagnostic algorithm using an artificial
neural network classifier.

In [7], a comparative study of methods for taking
into account the influence of loss processes in the stator
steel of an asynchronous machine on the parameters of its
operating mode was performed. This is done using
mathematical modeling with the introduction of
equivalent resistances connected in parallel to the
equivalent circuit of the motor, as well as equivalent steel
loss circuits.

The article [8] is devoted to the optimization of the
design of an induction motor using multiparameter FEM
methods. It is shown that the TIM parameters, including
the types of rotor and stator slots, steel core sheets and
rotor winding material, are optimized using the Rmxprt
module in Maxwell.

In [9], the stages, methodology and means of
complex design of electromechanical systems with
induction motors are substantiated. A quantitative
assessment of the possibilities of increasing their
economic efficiency using complex design according to
the criterion of maximum income is provided.

In [10], a flux linkage observer of an induction
motor is considered, adaptive to variations in the active
rotor resistance. Due to the redundant estimation of flux
linkages introduced into the observer, under the
conditions of persistence of excitation, the properties of
global exponential stability of the estimation of the
components of the flux linkage vectors and stator current
and active rotor resistance are ensured.

The following cycle of works [11-21] mainly
concerns the analysis of the active and reactive
parameters of the stator winding, the wuse and
improvement of TIM equivalent circuits, and operation
with them.

In the work [11], the reactive (inductive) reactances
of the scattering and active resistances of the TIM
windings are investigated with the aim of further
developing the TIM design system by means of numerical
field calculation analysis of the active and reactive
reactances of the TIM windings in the entire range of its
slip change, and the calculation of the mechanical
characteristics of the TIM to confirm the adequacy of the
calculations of these resistances. The reactances of the
TIM windings are determined by numerical calculations
of the magnetic fields of scattering using the FEMM code,
and in the core of the short-circuited rotor - with current
displacement.

In the article [12], the magnetic fields and the
corresponding magnetic conductivities of the slot
scattering of the TIM stator winding are investigated for a
comparative check of the analytical formulas from
different classical design methods. The numerical field
method shows that the classical design method can give
both sufficiently accurate results and unacceptable errors
in determining the magnetic conductivities of the slot
scattering of the TIM.
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In [13], it is emphasized that a deep understanding
of the parameters of an induction machine is necessary for
almost all program control methods to maintain high-
quality dynamic and steady-state characteristics of the
drive. This study presents a method for predicting the
parameters of an induction machine during start-up
without using any assumptions. The instantaneous
waveforms of voltage and current recorded during direct
start-up are used to estimate the parameters. In this way,
all six main electrical parameters of induction machines
can be independently determined.

In [14], a new simplified method for estimating the
parameters of the equivalent T-circuit of induction motors
is described, which is based solely on the manufacturer’s
data sheet and on the synergistic interaction of the
numerical and analytical dimensionless approach using
the Thevenin theorem. This provides accurate and stable
results for a wide range of rotational speeds and power of
induction motors.

In [15], the work is also devoted to estimating the
parameters of the equivalent T-circuit. These parameters
are necessary for many performance and planning studies
involving these motors. For their evaluation, an iterative
method is proposed that uses only motor nameplate data.

In [16] it is emphasized that for controlling the
torque in high-performance operations in a wide speed
range by vector control algorithms, the parameters of the
equivalent circuit of an induction motor must be known
precisely. The estimation method is based on information
from the manufacturer’s data and the principles of solving
nonlinear equations obtained from the equivalent circuit
of such a motor.

The article [17] is devoted to the identification of the
parameters of an induction motor in a stopped state. A
comprehensive identification procedure is analyzed,
which describes a method for reliably determining the
characteristics of the main flux saturation and transients
when testing the parameters from the rotor side. The
effect of the main flux saturation is studied based on the
results of transient tests and the determined rotor
parameters. The identification procedure is confirmed by
experiments using specific induction motors.

How to design a TIM with the desired characteristics
and how to implement high-performance control for a
specific TIM has always been a hot topic for many
researchers, as noted in [18]. Regardless of which control
technology is used to achieve high-performance TIM
drive, it depends on a deep understanding of the motor
parametric characteristics and their accurate acquisition.
An effective method for determining the parameters of the
equivalent circuit for induction motors is proposed to
improve the accuracy of the parameters by combining the
non-rotor test with the double-load test and using this
method to measure and analyze the parametric
characteristics of TIM.

In [19], a study of the degree of unbalance and the
differential magnetic leakage coefficient of electrical
machines equipped with multiphase windings is
presented. The analysis was carried out for 4800
combinations between slots/poles/phases/layers,
considering the changes in the leakage factor for each
condition and determining the optimal zone for

minimizing the leakage. The results show that the leakage
coefficient can be significantly reduced by using slightly
asymmetrical windings.

In the article [20], an accurate and simple method
for determining differential dissipation factors in
multiphase AC electric machines with asymmetrical
windings is provided. The method is based on the
properties of Gorges polygons, which are used to
transform an infinite series expressing the differential
dissipation factor into a finite sum in order to significantly
simplify the calculations.

The work [21] introduces the estimation of TIM
parameters based on a differential evolution algorithm
aimed at estimating its electrical and mechanical
parameters. A comparative study of the results using three
different input signals is carried out. Such an algorithm is
able to estimate the parameters of the equivalent electrical
circuit, such as stator and rotor resistances and leakage
inductances, magnetizing inductance, as well as
mechanical parameters, such as the moment of inertia and
the friction coefficient.

Object of study. To generalize the research of DLR,
they are performed for a number of TIM variants, which
have in common the nominal phase voltage Uy = 220 V
and frequency f; = 50 Hz; accordingly, the number of
phases m; = 3.

The basic one is a four-pole TIM with nominal
power Py = 7.5 kW, which is interesting in that it is a test
object in the design methodology [1], which is still
widespread at enterprises and Universities of the
corresponding profile.

A total of nine similarly designed TIM variants with
variable power of 4; 7.5 and 11 kW are considered, each
of which is considered with the number of pole pairs p
equal to 1, 2 and 3.

Motors with such parameters are quite common in
modern production of TIM of general industrial execution
[22, 23]. Thus, the nine adopted variants will allow us to
sufficiently fully demonstrate the results of calculations
using the numerical field method adopted here and
compare them with the results using the classical method.

The main design parameters of the selected TIM
variants are given in Table 1. They were obtained using
the classical method [1], which was converted into an
author’s Lua script included in a single software package
based on the FEMM code [24]. This script was tested on
the specified basic TIM variant, which eliminates design
errors of various origins.

Table 1
The most important design data of TIN

PN p h ds ls o qs Qs M Qr ]sN
KW |[—-|mm |mm |mm|mm |-| - | — | — A
11100 | 96 | 110 | 0,45 |4 |24|132|19| 7,92
4 2100|109 | 145|030 |3 [36]| 144 |28 | 8,74
31112 | 134 | 140 | 0,30 | 3|54 | 171 | 51| 9,29
1| 112|109 | 140 | 0,50 | 4 |24 | 88 [ 19| 15,42
7,5 12| 132 | 147 | 120 | 0,35 [ 3| 36| 126 | 34| 15,31
3| 132 | 158 | 155 0,35 |3 |54 | 135 |51 | 1594
11132129 | 135] 0,60 |4 |24| 76 | 19| 22,23
11 {2132 | 147 | 165 | 0,35 |3 [36| 90 |34 | 22,26
31160 | 192 | 135 | 0,40 | 3|54 126 |51 | 22,85
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Table 1 indicates the TIM parameters: & — height of
the rotation axis, d,, /; — inner diameter of the stator core
bore and its axial length; 6 — air gap; g, — number of slots
per pole and stator phase; N, — number of consecutive
turns in the phase winding; Q,, O, — number of stator and
rotor slots; Iy — nominal stator phase current.

The general layout of the TIM is given in Fig. 1.

Fig. 1. The electromagnetic system of the TIM with the
distribution of currents in its windings and the pattern of the
magnetic field lines of the stator winding

The stator winding is single-layer, diametrical,
which is typical for TIMs of the specified powers, the
rotor winding is short-circuited, cast from aluminum
alloy. This TIM uses common shapes of stator and rotor
slots of general industrial TIMs [1, 2, 22, 23], which are
shown in Fig. 1.

Design methodology for determining the
differential inductive reactance of the stator winding
of the TIM. For the transparency of the research
performed, the classical methodology for calculating the
DLR according to [1] and the results obtained by it are
first given.

Differential ~ scattering magnetic  conductivity

coefficient
2
st -09 (TS'KWS) 'Krdm'Kns'Kd[fs ) (1)
6-K¢
2
where K, =I—M is the coefficient that takes
‘L' .

N
into account the effect of opening the stator slots; by is
the slot width of its slots; 1y is the stator tooth pitch; Ky;s
is the stator differential dissipation coefficient, equal to
the ratio of the total EMF from the higher harmonics of
the stator magnetic field to the EMF from the first
harmonic, determined by Table 2; K, 4, is the damping
reaction coefficient of currents induced in the short-
circuited rotor winding by the higher harmonics of the
stator magnetic field, determined by Table 3 for the given
TIM variants; Ky is the stator winding coefficient; K. is
the air gap coefficient.

Table 3
Determination of the damping reaction coefficient of rotor
winding currents (fragment of the general table)

Values K, s, at O,/ p
4 10 15 20 25 30
0,98 0,93 0,88 0,85
3 0,92 0,87 0,84 0,78 -
0,90 0,84 0.8 0,77

4 B 081 0,77 0,75 0,72
Value: in the numerator — with bevel of the rotor slots,
in the denominator— with no bevel.

Data for (1) for all TIM variants according to
Table 1 are collected in Table 4.

The intrinsic conductivity coefficient of differential
scattering A, of the stator winding together with other
similar values are given in Table 5, where it is indicated:
Aais hgm — magnetic conductivity coefficients of slot and
frontal scattering; A, — total scattering coefficient; R, X
— total active and reactive resistances of the stator
winding in the nominal operating mode of the TIM, and
also X, — reactive resistance of differential scattering.

Table 4
Data for design calculation of the coefficient of magnetic
conductivity of differential scattering of TIM

PN )4 Ty bsl KL‘ KWS Krdm Kns Kdif
kW |—| mm | mm - — — — —
1/12,6 | 3,0 | 1,204 | 0,958 | 0,852 | 0,95 | 0,0089
4 (2] 9,5 | 3,0 1,349 ] 0,960 | 0,940 | 0,90 | 0,0141
3] 7,8 132 1,521 ] 0,960 | 0,910 | 0,86 | 0,0141
11143] 321,179 | 0,958 | 0,852 | 0,95 | 0,0089
7,5 12]12,8 | 3,5 ] 1,283 | 0,960 | 0,910 | 0,91 | 0,0141
3192 (3,511,433 0,960 | 0,910 | 0,88 | 0,0141
1/16,9 | 3,5 | 1,150 | 0,958 | 0,852 | 0,96 | 0,0089
11 |2(12,8] 3,5 1,283 | 0,960 | 0,910 | 0,91 | 0,0141
3111,2] 3,8 | 1,360 | 0,960 | 0,910 | 0,89 | 0,0141
Table 5
Calculated design resistances of TIM
P N |P }\'sn }"sd }"sfh 7\'0.? Rx er Xcs
kW |—| pu | pu | pu | pu Q Q Q
1] 1,261 | 1,729 | 1,805 | 4,794 | 1,771 | 0,654 | 1,815
4 (2] 1,377 | 2,200 | 0,704 | 4,281 | 1,842 | 0,871 | 1,695
3] 1,521 | 1,215 ] 0,676 | 3,413 | 2,103 | 0,437 | 1,226
1] 1,257 | 2,060 | 1,575 | 4,892 | 0,744 | 0,441 | 1,047
7,512] 1,365 | 3,55 | 1,089 | 6,014 | 0,834 | 0,893 | 1,508
3| 1,532 | 1,573 | 0,704 | 3,809 | 0,941 | 0,390 | 0,945
1] 1,254 | 2,487 | 1,884 | 5,625 | 0,452 | 0,383 | 0,866
11 |2] 1,355 3,559 | 0,789 | 5,704 | 0,487 | 0,626 | 1,004
3] 1,653 2,180 | 0,958 | 4,791 | 0,673 | 0,410 | 0,901

Note that the relative value of the differential
scattering conductivity coefficient Ay, in Ay, is a fraction
within 0.361-0.624, which shows a high specific weight
of this type of scattering against the background of its
other types.

The inductive resistance of the scattering of the
phase winding of the stator is calculated by the well-
known formula [1]:

2
fs'ls'Ns '}"Gs

Table 2 Xos =158 R )
Determination of the stator differential dissipation coefficient Pq,-10
q, 2 3 4 5 6 and the differential leakage reactance X;, — according to a
Kairs | 0,0285 | 0,0141 | 0,0089 | 0,0065 | 0,0052 similar formula when replacing Ay, with Ay
10 Electrical Engineering & Electromechanics, 2025, no. 2



The provision in Table 5 of the active resistance R
of the stator winding along with its total reactive
reactance X, indicates their proportionality and
importance of both in calculating important operational
parameters and characteristics of TIMs and their
operating modes [1, 2].

Numerical field calculations of the parameters of
differential scattering of the stator winding of the
TIM. The physically transparent path to the DLR lies
through the direct calculation of the harmonic
composition of the EMF of the stator winding, which are
determined directly through the time functions of its own
magnetic flux linkage (MFL) [25]. All this can be done in
the most reliable form on the basis of numerical
calculations of the corresponding magnetic fields of the
stator winding itself.

These magnetic fields in the TIM are calculated in
the popular free software package FEMM [24]. Given the
multivariate complex calculations that include the design
of the TIM, the construction of its physical and geometric
models in the FEMM software environment, control of
magnetic field calculations, determination of the time
functions of the MFL and EMF and their harmonic
analysis, all of them were automated. For this, following
the example in [26] and other works of the author, a
single script was created in the algorithmic language Lua,
integrated into the FEMM code.

The FEMM code solves a large system of algebraic
equations, which are formed on the basis of the Finite
Element Method and a differential equation describing the

magnetic field in the cross section of the TIM
electromagnetic system, namely [24]:
1 - -
Vx| —Vx(kAd,)|=kJ,, 3
{ w(5) ( z):| z €)

where J,, A, are the axial components of the current
density vectors and the magnetic vector potential (MVP);
u is the magnetic permeability depending on the magnetic

flux density B; k is the unit vector along the axial axis z.

To limit the TIM calculation zone, which is given in
Fig. 1, the Dirichlet boundary condition is set on the outer
surface of the stator core for the MVP, i.e. 4, =0.

A feature of this study is that to determine the
differential inductive resistance of the stator winding, the
basis is the calculation of the magnetic field of this
winding in the presence of a symmetrical three-phase
system of phase currents in it

Igg = I pgcos(o1) 5

icg :Imscos(o)t—%n); 4)
iyo =1,scos(wt+ %n) ,

where [, :ﬁls is the amplitude of the currents;

I, o = 2nf; are their effective value and angular
frequencys; ¢ is time.

When forming the current system (4) in specific
calculations of magnetic fields, the question arises of
choosing the calculated effective value of the current /.

The guideline for the calculations is that the
saturation of the magnetic system of the TIM should be at
the same level as in its nominal operating mode.

Accordingly, for the stator winding, the value of the
current of the idealized idle mode (IIM) is taken as a first
approximation, which provides this condition. Naturally,
there are no currents in the rotor winding in this mode.

The model in Fig. 1 shows the accepted distribution of
the phase zones of the stator winding, and the values of the
phase currents in them are given by (4) for specific moments
of time. So at # = 0 we have the corresponding instantaneous
values of the currents: is i,,=I,;; i;z=i,c= —0.51,,, and their
directions at the specified time are also indicated.

The conditional distribution of currents in the slots
of the stator winding is shown in Fig. 2 as a discrete
function in the angular coordinate o, which is indicated in
Fig. 1, and in the pole steps t,. The points that reflect the
currents in the slots are meaningful, and the connecting
lines are drawn for clarity of the current structure.

For the FEMM code, the numerical solution of
equation (1) by the Finite Element Method is a trivial
problem. As a result, in the cross section of the TIM, the
distribution of the MVP is obtained, which in Fig. 1 gives
a picture of the magnetic field lines in the idealized idle
mode. Here and further, current illustrations are provided
on the example of the adopted basic TIM model.

Is

Fig. 2. Angular discrete distribution of currents is of the stator
winding of the TIM along its slots on the scan of the cylindrical
surface in the gap

The next step of the calculations is to determine the
magnetic flux linkage (MFL) of the stator phase winding,
as which, as usual, the phase winding 4 with current i, is
taken. For the MFL in the FEMM code and the Lua script
there are corresponding procedures. But what is needed is
not just one value of the MFL, but its angular, and then
the time function.

For this, there are two ways of calculations: fast and
long-term, which we will consider in turn.

A fast method for forming time functions of the
MFL and EMF is appropriate at the initial stage of
numerical field studies of the DLR.

In this case, the angular function of the MFL is first
obtained after a one-time calculation of the magnetic field
at ¢ = 0, the picture of which is already shown in Fig. 1
and corresponds to a fixed distribution of the MVP.

Specifically, according to the distribution of the
MVP in the cross section of the TIM, the values of the
MFL of the phase winding 4 are «collected» with the
alternate selection of the «mask» of the phase zone with
its movement in the angular direction along the slot
structure of the stator.

Figure 3 shows the sequence of such actions for
moving the «mask» within two pole steps, which
corresponds to the period of the angular function of
the MFL.
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Fig. 3. The process of moving the «mask» of the phase zone of
the stator winding to collect the MFL within the period of its
angular function against the background of the calculated
magnetic field

In each selected position, the Lua commands
Ak=mo blockintegral(1) and Sk=mo_blockintegral(5)
read the surface integral of the MVP and the area of the
selected block of rods, which makes it possible to
determine the MFL of the conditional phase zone with
number k:

“Pk = NSAk / Sk. (5)

Thus, a discrete angular function of the MFL
appears

\Pk((x‘k); (X,kz(k—l)'cs; kzl, 2, 3,...K, (6)
where £ is the counter of the positions of the conditionally
movable «mask» of the phase zone; K=Q,/p is the number
of such positions within two pole steps t,, which is the
period T of the function (6); t,=360°/Q; is the stator tooth
step.

The resulting numerical array of the MFL is given in
Table 6.

Table 6

Angular discrete function of the MFL W, of phase zones of
phase winding A4 in 18 angular positions, Wb

k 1 2 3 4 5 6
w,| 0,4858 | 0,4555 | 0,3708 | 0,2418 | 0,0840 |—0,0840
k| 7 8 9 10 11 12
.| -0,2418 [ -0,3707 | -0,4554 | —0,4858 [ ~0,4512 | —0,3644
k| 13 14 15 16 17 18
.| -0,2366 [ -0,0819 | 0,0819 | 0,2366 | 0,3644 | 0,4512

The angular function at two pole steps, i.e. at its
period (Table 6), is in principle sufficient to give an idea
of its essence, but for the first attempt similar actions
were performed at two more pole steps and the result was
completely repeated. The resulting discrete function ¥ is
shown in Fig. 4.

The angular discrete function of the Wi(o,) of the
phase zones according to Table 6 is transformed into a
similar function for the phase winding A entirely at its
period:

Wk =Yelog) =Yg a(ag +7,)5 k=1,2,3,..K.(7)

Here it is taken into account that the winding
branches are formed by conductors in phase zones with
different current directions, located through the pole step
tp. In addition, the averaging of the MFL values of the
phase zones located through two pole steps is obtained,
due to which instead of the function ¥ in Fig. 4 over two
periods, the averaged MFL function ¥ over one period
within two pole steps is obtained. This function is
illustrated in the same Fig. 4.

Fig. 4. Angular function of the MFL phase zones of half of the
phase winding — ¥ and the phase winding in full — ¥

It turned out that the angular function of the MFL is
close to the cosine, as well as the time functions of the
phase currents (4), but it is fundamentally different from
the angular function of the current distribution in the slots
(Fig. 2). However, in the theory of TIM, based on the step
function of the stator currents is(a), it is customary to
form similar functions of the distribution of the
magnetomotive force (MMF) in the gap, then — of the
magnetic induction and magnetic fluxes. And all this is
laid down as the basis for the harmonic analysis of
magnetic and electrical quantities, including — the EMF in
the phase windings of the stator.

But the inadequacy of this approach is shown in
[27] on the example of a three-phase stator winding of a
turbogenerator. This is confirmed by the practically
harmonic function of the MFL (Fig. 4), from which
there is only one step left to a similar, but time, EMF
function.

The function ¥; (7) is periodic, therefore it is subject
to expansion into a harmonic Fourier series on its period
in two pole steps (see Fig. 4), on which the MFL is
calculated at K points (their specific number in this TIM
is 18, and point 19 is already included in the next period
and repeats point 1).

The expansion begins with the determination of the
sine and cosine amplitudes of the harmonic components:

2 K 2 K
s, =— > W sin(vay); ¢, =— Y W cos(vay), (8)
K2 K5
where v is the number of the current harmonic; & is the
number of the angular position in Fig. 3, 4; oy is its
angular coordinate.
It is known from mathematical foundations that the
maximum number of harmonics allowed is N, = K/2.

12
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Considering that cosine functions (4) are adopted for
the stator winding currents, then for the MFL, the
harmonic series of cosine functions is also determined by
the coefficients (8):

Ng
V=3 Y, cos(va+7yy,), 9)
v=1,3,5...
where this series for each harmonic includes the following
amplitude and argument (initial phase):

[ s
Yo = 35 +c3 S Yyv = —arctg —-.
c

v

(10)

The angular function (9) is converted into a time
function by the relation o=, where Q=w/p is the
angular velocity of the rotating magnetic field of the TIM.
As a result, for the MFL, a harmonic time function is
obtained, which corresponds to the stationary phase
winding A-4:

Ng
V= 3 Y, cos(votty,,).
v=135...

Note that in (9) the quantities vo. and v,, are
measured in angular radians or degrees, and in (11) the
quantities vot and y,,, are measured in electrical radians or
degrees, taking into account the known transition of
geometric angles a into electrical a,, i.e. o,~=pa.

From the MFL function (11) based on the law of
electromagnetic induction according to the general
expression e = —dW/d7, a transition is made to the
harmonic time function of the EMF of the stator phase
winding:

(11

Ng

€ = Z
v=135...
In this formula, the amplitude of the EMF of the v-th
harmonic is extracted

vo'?,,, cos (vo)t +Yyy — n/2). (12)

E,~voY¥,, (13)
and its corresponding initial phase
Yev:Y\uv_T[/z' (14)

Also, according to the known relationship for a
sinusoidal function, the effective value of the EMF of the
v-th harmonic is obtained through the amplitude, namely:

Eg, = \/Enfsv\l’mv > (15)
where it is taken into account that the angular frequency
o=21f; f; is the frequency of electromagnetic quantities
in the TIM.

The angular functions (6), (7) in Table 6 and Fig. 4,
respectively, have a semi-periodic asymmetry:
‘PS,/( (ak):_\Ps,k(ak+‘cp); kzl, 2,3,...K, (16)

therefore, the harmonic series (9), (11), (12) contain only
odd harmonics.

According to the provided method in the form of
formulas  (5)—«(15), a  corresponding  software
implementation of the formation and expansion of the
periodic MFL function into a harmonic Fourier series and
obtaining a similar EMF function was made on the Lua
script.

Determination of the magnetizing current of the
stator winding. As noted, the magnetic field calculations
are performed in the IIM under the condition of saturation
of the magnetic core equivalent to the nominal mode. For

this, the search for the corresponding current is introduced
into the calculation structure after the design of the TIM.
This occurs iteratively provided that the nominal voltage
of the stator winding U,y is reached.

The initial current value for the first iteration is the
design value of the magnetizing component of the stator
winding current /;,, which is equal to 5.65 A.

After calculating the magnetic field, the time
function of the MFL (11) and then the EMF (12) are
determined using the above method, for which the first
harmonic is isolated and used, namely, for the EMF — its
effective value Ej; (15) and the initial phase y,; (14).

This is enough to determine the phase voltage
complex in symbolic form according to the voltage
balance equation in the stator phase winding circuit.

gs =-Eg+ QRS +Qscdif +gsqfh > (17

where the complexes are applied: EMF E :Ele”@1 ;

voltage drop across the active resistance of the stator
winding U, =Rl and on the inductive resistances of

its differential U dif = JXsql,,and frontal

Usom = JXsmL, scattering (the inductive resistance of

the slot scattering is already taken into account in the
EMF E  due to the definition of the full MFL of the

stator winding (5) within its active part along the length of
the TIM cores); the stator winding current complex has
the form I,=I;, due to the fact that a zero initial phase is
assumed for it.

After determining the voltage at the current iteration,
the magnetizing current at the next iteration is corrected
by linear interpolation, and everything is repeated until
the voltage deviation dU; from its nominal value is
reduced to the permissible level. The course of the
iterative process is illustrated in Table 7, where n; is the
iteration number.

Table 7
Changes in magnetizing current in the iterative process of
bringing the voltage to the nominal value

n; I, A U,V dU, vV
0 5,65 240,9 20,86
1 5,16 224 4,01
2 5,05 2212 1,25
3 4,99 219,9 0,06
4 4,99 220 0

In this example, it is clear that at the design value of
the magnetizing current, the voltage deviates quite
significantly from the nominal, which is a consequence of
the use of magnetic calculation based on the theory of
magnetic circuits in the design. But the iterative process
showed that to operate with the nominal voltage, and
therefore with the corresponding saturation of the TIM
magnetic core, the magnetizing current should be 4.99 A.
This is the value of I, that is used for further calculations
of the test TIM in the IIM and determining its DLR.

As a result of further calculations and harmonic
analysis of the angular functions of the MFL and EMF on
the period, the following calculated data are obtained:
amplitude and initial phase of the first harmonic of the
MFL ¥,,= 0.9640 Wb; v,,,=0; effective value and initial

Electrical Engineering & Electromechanics, 2025, no. 2

13



phase of the same harmonic of the EMF E; = 214.1 V;
Yel= -90°,

The harmonic composition of these quantities in
relative units (p.u. is given in Table 8 (the value of their
first harmonics is taken as the basis), and the allowed
number of harmonics N, was 9.

Table 8
Harmonics composition of MFL and EMF
v — 1 3 5 7 9
Y, | p-u. | 1,000 | 0,0047 | 0,0017 | 0,0010 | 0,0009
E, | pu.| 1,000 | 0,0141 | 0,0087 | 0,0070 | 0,0078
E, | V | 2141 3,02 1,87 1,51 1,68

In general, the harmonic composition is estimated by
the distortion factor (using the example of EMF)

Ng
2
ddisth z Emv Eml > (18)
v=1

which for the functions of MFL and EMF received the
corresponding values: dgjn,= 1.0000; dyisiz=1.0002.

Taking into account the entire determined harmonic
composition, the equivalent effective value of the phase
EMEF of the stator winding is found

(19)

as well as differential EMF, which consists only of higher
harmonics,

Esdi = (20)

The last EMF allows to determine the desired
differential inductive resistance of the stator phase
winding:

Esqir
X Sdif = 7 .

N

e2y)

Calculations using (19)—(21) gave the following
results: E,=214.2 V; Egy;r=4.21 V; X40=0.84 Q.

If we compare the obtained differential inductive
resistance X, = 0.84 Q with its design value X, = 0.893
from Table 5, we can think about the closeness of the two
calculation options.

But this is until similar calculations have been
performed for all planned TIM options (Table 1): all the
results obtained are given in Table 9, where for different
options, according to their data, the number of available
harmonics N, was 9 or 11.

Table 9
Differential parameters of TIM obtained by a single numerical-
field calculation of the magnetic field

In relation to the data in Table 9, we note that the
distortion coefficients are within the limits: d;,,~1.0000—
1.0002; dy:z=1.0000-1.0023, 1i.e. the -corresponding
angular functions of the MFL and EMF, as in Fig. 4, are
close to their first harmonics. This is also evidenced by
the closeness of the values of E,; and E,.

As for the main quantity considered here, i.e. the
differential leakage reactance, its values X,; Ta X
obtained by different methods in Table 5 and 9, can be
both close and significantly diverge.

This indicates the absence of strict determinism of
the empirical formula (1) and a number of coefficients
included in it.

At the same time, the numerical-field method does
not have such drawbacks, because it has fewer weighty
conventions and assumptions. But in the considered
form, it also has a serious drawback, namely — a small
number of harmonics, which is associated with a limited
number of calculation positions (see Fig. 3) due to the
available number of stator slots at two pole steps, that is,
at the period of the MFL and EMF functions.

To solve the identified problem, it is necessary to
involve a more accurate calculation method. And as such,
the numerical-field method is again adopted, but one that
allows you to involve the desired number of calculation
positions and, accordingly, the number of harmonics in
the calculations.

The long-term method of forming the time
functions of the MFL and EMF is appropriate at the final
stage of numerical field studies of the DLR.

In this case, the time function of the MFL of the
stator winding is considered directly without its previous
angular function.

To obtain the time function of the MFL, multi-
position calculations of the magnetic field are performed
alternately, as shown in [25, 27], for a time series with a
step At:

t=NAt (k-1); k=1,2,...K, (22)
where K is the number of positions that allows forming a
time function at a given time interval.

Substituting these values of #; into (4), we obtain
the corresponding changes in the stator phase currents is
and their wave, which moves in angular Aa=Q-At,
where Q=2mnf/p is the already mentioned angular
velocity of the rotating magnetic field.

The calculation of the stator currents (4) at given
moments of time (22), as well as the calculation and
collection of the MFL values (5) were performed
automatically during the operation of the FEMM code
using the already mentioned program in the Lua
language.

In this case, the magnetic field rotates, and the phase
zones for collecting MFL values are stationary, which is
partially shown in Fig. 5.

As before, the phase zones were selected for phase
winding A4 (see Fig. 1), but in the order that explains Fig. 6.

P N _|P Isa \Pml E.Yl Es Evil[ XYLIt/_
kW [-] A Wb \ \ \ Q
1] 2,56 | 09747 | 216,5 | 216,5 1,99 | 0,78
4 [2]3,84 | 09700 | 2155 | 215,7 | 10,16 | 2,65
3] 6,34 | 09691 215,3 | 215,8 | 14,54 | 2,29
11439 ] 09749 | 216,6 | 216,6 1,99 | 045
7,5 (2] 499 | 09640 | 214,1 | 214,2 4,21 0,84
317,99 | 0,9694 | 2153 | 2156 | 10,01 | 1,25
11595 | 09723 | 2160 | 2160 | 2,05 | 0,34
11 |2 7,17 | 0,9655 | 214,5 | 2145 4,25 | 0,59
319,06 | 09658 | 214,6 | 214,6 6,33 | 0,70
14
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Fig. 5. Pictures of the rotating magnetic field of the stator
winding at fixed moments of time:
t,=0; 6,=0.1T; t,=0.2T; t,=0.3T, ts=0.4T; tc~=0.5T

Fig. 6. Selection of phase zones of the stator winding to obtain
the MFL of the stator phase winding

First, phase zones with a conditional positive current
direction +iy, are distinguished and their MFL W, is
obtained, then phase zones with a conditional negative
current direction -i4 are distinguished and their MFL W .
is obtained.

As a result, a time discrete function of the MFL of
the phase winding of the TIM stator at specific moments
of time with a change in their number £ is obtained:

\Ps,k = \PiSJr,k _\Pi k> tk,' k= 1, 2, 3,K (23)

S—,

Then everything happens as in the previous
calculation method, that is, according to (10)—(15),
starting with the harmonic expansion of the discrete time
function (23) instead of the similar function (9).

It is determined that it is enough to step by step (22)
pass one pole step of the TIM 1, which will correspond to
half the period T of the time function of the MFL W(¢) and
the calculation zone (in degrees):

o, =360°/2p, (24)
and in the test four-pole TIM a, = 90° specifically turns
out.

To justify a sufficient number of calculated positions
K, comparative calculations were performed at different
values of K. Thus, it was determined that the value of
K =27 is sufficient, and then the angular step (in degrees):

Ao =oa,/ K=3.333° (25)

This provides a satisfactory detailing of time
functions of type (23). At the same time, the calculation
time for one TIM on a sufficiently high-level computer
lasted about 1 hour.

The obtained time function of the stator phase
winding is shown in Fig. 7: in the first half of the period,
this is what was obtained by calculation, in the second

half, the full period is drawn for clarity under the
condition of semi-periodic asymmetry of type (16). With
the selected number of points, the graph of the MFL
function looks quite smooth (unlike the similar function
in Fig. 5), and the number of its harmonic components
can be taken up to N, = 27, which corresponds to the
number of points in half the period.

To analyze the MFL function, it was decomposed
into a harmonic series similar to (11), and then a
transition was made to the EMF harmonic series (12). The
values of the amplitudes of the EMF harmonics in p.u.
and their corresponding effective values in absolute terms
are given in Table 10, but only up to the 19th harmonic
out of 27 possible, because the higher harmonics were
then negligible.

Calculations using (19)—(21) gave the results:
Es: 2154 V, Esdif: 4.59 V, vadif’: 0.92 Q.

Fig. 7. Time function of the MFL of the phase winding
of the TIM stator
Table 10
Harmonic composition of the stator winding EMF
v — 1 3 5 7 9
E, | pu. | 1,000 | 0,0144 | 0,0155 | 0,0020 | 0,0011
E, | V | 2153 3,10 3,33 0,43 0,25
v - 11 13 15 17 19
E, | pu — 0,0012 | 0,0006 | 0,0000 | 0,0005
E, | V | 004 0,26 0,14 0,09 0,11

These results are again quite close to those obtained by
other calculation methods (X,,;r = 0.84 Q, X, = 0.893 Q),
although they differ from them, with a discrepancy of X,
0f 9.5 %.

But the same closeness of the results by comparative
calculation methods is not maintained for other TIM
variants, for which the results are summarized in Table 11.

Table 11
Differential parameters of different TIMs obtained by multiple
numerical-field calculations of the rotating magnetic field

PN p Iso \Pml Esl Es Ezﬁf XSM
kW |-| A Wb \Y \ \ Q
11256 | 09818 | 218,1 | 218,2 5,51 2,15
4 [2]3,84] 09815 | 218,0 | 2182 | 7,93 | 2,07
31634 ] 0969 | 2154 | 2159 | 14,67 | 2,31
11439 ] 09819 | 218,1 | 218,2 5,53 1,26
7,5 121499 | 09692 | 2153 | 2154 | 4,59 0,92
31799 | 09717 | 2159 | 216,1 | 10,17 | 1,27
11595 ] 09791 217,5 | 217,6 5,28 0,89
11 (2] 7,17 | 09712 | 215,7 | 215,8 4,71 0,66
319,06 | 09703 | 2155 | 215,6 6,46 0,71

Now we can compare the main calculation results
for all TIM variants obtained by three different methods,
which is done by the values of the differential inductive
resistance of the TIM stator winding by collecting their
values from Tables 5, 8, 11 to Table 12.
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This table indicates: M1 — design data according to
the standard method; M2 — data using a single numerical
field calculation based on the angular functions of the
MPZ; M3 — data using multi-position numerical field
calculations based on the time functions of the MFL.

Table 12
Comparison of differential reactances of TIM obtained by
different calculation methods

Calculation method Ml M2 M3
Py p L, Xoa Xair Xoair |
kW - A Q Q Q

1 2,56 0,654 0,78 2,15
4 2 3,84 0,871 2,65 2,07
3 6,34 0,437 2,29 2,31
1 4,39 0,441 0,45 1,26
7,5 2 4,99 0,893 0,84 0,92
3 7,99 0,390 1,25 1,27
1 5,95 0,383 0,34 0,89
11 2 7,17 0,626 0,59 0,66
3 9,06 0,410 0,70 0,71

Recall that for the M2 method, only 9 or 11
calculation points and the same number of harmonics was
used, for the M3 method - 27 points, but it was even
possible to limit ourselves to a smaller number.

The discrepancy between the values of X,y and Xz
by the M1 and M3 methods is impressive and excessively
large in the majority of TIMs, which indicates the
limitations of the classical method for calculating the
differential reactance of the TIM stator winding. The
same applies to the M2 calculation method in two-pole
TIM variants.

The rather close correlation of the results of classical
and numerical-field calculations for the basic TIM variant
can be explained by the fact that in the methodology [1]
the coefficients recommended for (1) were adapted
specifically for this variant, but, unfortunately, they have
not become universal for other TIM variants and still
mislead their designers.

Upon completion of the studies of the differential
parameters of the TIM when its magnetic system is
saturated according to the nominal operating mode,
calculated estimates of the effect of saturation on these
parameters were made using the example of the basic
TIM variant.

First of all, an example of a TIM with a completely
unsaturated magnetic system was considered. For this, in the
IIM, the current [, was set to 1 A, and multi-position
numerical field calculations were performed based on the
time function of the MFL (23). The results of the
calculations are given in the corresponding row of Table 13.

Table 13
Assessment of the effect of saturation of the TIM magnetic
system on the differential reactance of the stator winding

To assess the saturation level of the magnetic
system, the table provides the averaged values obtained
for the sections of the magnetic core: B, , B,., — magnetic
flux density in the stator and rotor teeth; W, W., —
relative magnetic permeability in them (in the backs of
the stator and rotor cores, the values of similar values
were W, = 5200; W, = 4920).

The very weak saturation (or its absence) is also
confirmed by the value of the phase EMF E,, which
turned out to be much lower than the nominal voltage of
the TIM. As a result, the differential EMF E; and,
accordingly, the DLR of the stator winding X
compared to the nominal saturation mode (see Table 12)
almost did not appear.

The studies were continued at saturation levels of
the magnetic core from the nominal to the one that can be
at the start of the TIM. But in this case, it was necessary
to take into account that with increased slips of the TIM
from critical to 1, the stator and rotor currents
simultaneously increase, and the voltage remains
unchanged. Therefore, with increasing currents, the
voltage drops on the active and reactive resistances of the
windings increase, and the EMF has a reduced share. In
proportion to the EMF, the main magnetic flux decreases
and, accordingly, the value of the magnetic induction in
the magnetic circuit.

The distribution of the magnetic field in the
magnetic circuit in such a case and the level of its
saturation require a careful analysis, which is difficult to
conduct in detail within the framework of this article, and
this can be performed and published separately.

In order to preliminarily assess how much such an
analysis will give significant results and makes sense to
perform, some conventions were adopted when
calculating the magnetic field of the stator winding to
determine the DLR.

Namely, that the saturation of the backs of the
stator and rotor cores also maintains its level, as in the
nominal mode. In fact, taking into account the remarks
made, the saturation will be much lower, but this is not
of principle, because even with a completely unsaturated
magnetic core, the DLR does not differ very much from
the results at nominal saturation. But the teeth of these
cores saturate very strongly due to a significant increase
in the magnetic fields of the slot and differential
scattering, as explained in [2].

These assumptions provided the basis for organizing
an artificial mode of calculating the DLR with strong
saturation of the tooth portion of the TIM magnetic
system.

Specifically, for the estimated calculations of the
DLR with increased slips, the relative magnetic
permeabilities in the backs of the stator and rotor cores
were taken W, = 1256; p,.,. = 3666 and they did not
change when calculating the magnetic field. At the same
time, the magnetic permeabilities in the core teeth were
determined by the FEMM code as is customary in the
process of such calculations.

The results of calculations of the specified variants
of the TIM magnetic circuit are summarized in Table 13
at the specified values of the [, current from 5 to 50 A.
The data on the differential parameters at a value of 5 A

Isa B rts B ntr Mot Moo Er E dif X@L
A T T p.u. p.u. \ \ Q

1 | 0,44 | 0,38 | 2500 | 2490 | 48 | 0,04 | 0,04

5 | 1,84 | 1,61 | 787 | 1265 | 208 | 4,38 | 0,88
551 1,89 | 1,70 530 1010 | 224 | 7,05 1,28

6 1,96 | 1,78 414 835 | 238 | 10,1 1,68
10 | 2,21 | 2,06 132 265 302 | 36,7 | 3,67
15 | 2,30 | 220 | 64 | 238 | 339 | 59,7 | 3,98
50 | 2,36 | 2,28 | 29 77 | 369 | 83,5 | 3,34
16
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in principle correspond to the data in Table 11 at the
standard operation of the FEMM code in the 1IM of the
TIM mode at current of 4.99 A.

The level of further saturation growth is reflected by
the given averaged values of magnetic induction and
relative magnetic permeability in the teeth of the stator
and rotor cores. At the same time, the differential
parameters of the TIM (EMF and DLR) increase
significantly, which is associated with the redistribution
of the magnetic field in the gap between the stator and
rotor cores with an increase in the saturation of their teeth.
And because of this, the higher harmonic components of
the MFL and EMF of the stator winding increase
significantly.

It can be seen from Table 13 that with an increase in
current in the stator winding, the rate of DLR growth
slows down compared to the increase in current, and even
in the case of oversaturation of the teeth, this reactance
reaches a maximum and even begins to decrease.

Conclusions.

1. In the system of design and theoretical research of
TIMs, a significant place is given to the leakage
reactances of their windings. They are determined on the
basis of the theory of magnetic circuits, which in the
conditions of complex tooth-and-groove structures does
not guarantee the desired accuracy of calculations. This
especially applies to the differential leakage reactance of
the stator winding, the determination of which requires a
detailed calculation of the magnetic field in the gap
between the stator and rotor cores, and a harmonic
analysis of the EMFs of this winding induced by it.

2.1t is shown that in the current classical methods of
designing DLR, they are determined by a simplified
formula with the addition of a number of coefficients,
tabular and graphical dependencies. As a result, not only
is the physical and mathematical meaning of DLR lost,
but even the accuracy of its calculation is difficult to
assess. Therefore, verification of the calculation results by
classical methods is relevant, and in modern conditions
this can be done on the basis of numerical methods for
calculating magnetic fields by available software
complexes and the accompanying harmonic analysis.

3. The absence of such studies is explained by their
complexity and significant labor intensity, which is
practically impossible to carry out in the «manual» mode.
Therefore, to overcome the problems of calculations, an
automated software complex was created in the form of a
single Lua script, which provides a physically transparent
path to the DLR, which runs through the design of the
TIM of its physical and geometric model in the FEMM
software environment, control of magnetic field
calculations, determination of the time functions of the
MFL and EMF and their harmonic analysis.

4. Comparison of the results of classical and
numerical-field calculations of DLR using the FEMM
code showed their large discrepancy, which is attributed
to the above-mentioned conventions and assumptions of
the first. But the second option is devoid of the
shortcomings of the first due to the fact that it takes into
account the dimensions of the TIM structures, the
saturation of the magnetic core and the physical and
mathematical essence of the parameters and quantities

under consideration. To exclude the randomness of the
assessment, the computational analysis was performed for
nine common TIM options, designed using a single
classical method with varying their power and number of
poles.

5. It was found that the DLR of the TIM stator winding
significantly depends on the saturation level of its
magnetic system, increasing with increasing saturation of
the tooth zone. If we take a completely unsaturated
system, then in the stator winding there remains
practically only the first harmonic of the EMF, and
differential scattering becomes insignificant. The classical
method does not focus on this and provides a universal
formula for calculating the DLR.

6. The conducted studies have shown that numerical-
field calculations of differential parameters of the TIM
stator winding are universal, therefore they can be
proposed for similar calculations for both the stator and
the rotor of various AC electric machines. Moreover,
given the software implementation based on the FEMM
code and the Lua script, such calculations can be built
into automated design methods for these machines.
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