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Analytical solution of conductor tensile force in asymmetrical spans used in overhead power
lines and substations with influence of tension insulators

Introduction. Designing electrical substations involves analyzing the horizontal tensile force in flexible tension conductors under varying
temperatures. These temperature changes affect the conductor’s length and forces. Problem. Existing methods for calculating horizontal
tensile force in conductors often focus on symmetric spans or require complex finite element modeling (FEM), which is impractical for
routine substation design. Asymmetric spans with tension insulators present a more complex challenge that current solutions do not
adequately address. Purpose. Universal analytical solution and algorithm for calculating the horizontal tensile forces in conductors in
asymmetric spans with tension insulators used in power substations or short overhead power line spans. The solution is designed to be
easily implementable in software without requiring complex tools or extensive FEM. Methodology. The methodology involves deriving an
analytical solution based on the catenary curve formed by the conductor between attachment points at different heights. The analysis
includes calculating the conductor’s length for a given tensile force and using a state change equation to determine forces under new
temperature conditions. Validation is performed using FEM calculations. Results. The proposed solution was validated against FEM
models with varying height differences (5 m and 15 m) and conductor temperatures (-30 °C, =5 °C, +80 °C). The results showed a
minimal error (less than 0.15 %) between the analytical solution and FEM results, demonstrating high accuracy. Originality. This paper
presents a novel analytical solution to the problem of calculating tensile forces in asymmetric spans with tension insulators. Unlike
existing methods, our solution is straightforward and easily implementable in any programming language. Practical value. The solution is
practical for routine design tasks in electrical substations or short overhead power lines. Especially in power substations, accurate tensile
forces are needed not only for mechanical design and sag calculations but also for calculating the dynamic effects of short-circuit
currents. References 23, tables 4, figures 3.
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Bemyn. Tpockmysania enexmpuunux niocmanyiii 6KI04AE AHANI3 20PU3OHMANBHOL CUTIU, WO POSMARYE, @ 2HYUKUX HATNAICHUX NPOGIOHUKAX
npu pisnux memnepamypax. Lfi sminu memnepamypu ennusaiome Ha 006dcuny npogionuka ma cunu. Ilpoénema. Icnyioui memoou
PO3PAXYHKY 2OPUBOHMANLHOT CUNU, WO PO3MARYE, ) NPOGIOHUKAX HACMO OPICHMOBANI HA CUMEMPUYHI NPOTLOMU AD0 BUMAAIONb CKIAOHO20
MOOen0BaHHs Memooom cKinvennux enemenmie (FEM), wo nenpakxmuuno 011 36UdaliHO20 NPOEKMYy8anHs niocmanyiil. Acumempuuni
NPOLOMU 3 HAMANCHUMYU [30JEIMOPAMU € CKIAOHIUUM 3A60aHHSIM, SIKe ICHYIOUI DIUEHHS He SUpiulyiomb HaledcHum yunom. Mema.
Vuieepcanvie ananimuune piwienns ma aneopumm pO3PAXYHKY 2OPUBOHMANLHUX CUT, WO PO3MAZYIOMb, ) NPOGOOAX HECUMEMPUHHUX
NPONLOMIE 3 HAMANCHUMU 301AMOPaMU, WO 3ACMOCO8YIOMbCA HA CUNOBUX NIOCMAHYIAX abO0 KOPOMKUX NPOTbOMAX NOGIMPSHUX JiHill
enekmponepeoaui. Piwenns po3pobneno makum wuHom, wob 1020 ModiCHA OYI0 1e2KO peanizysamu 6 NpocpamHoMy 3a0e3neyeHHi, He
BUMALAIOYU CKIAOHUX THCMPYMermie abo mooemosanns memooom FEM. Memoouka nepedbauac ompumanHs aHanimuiuHo20 PiuleHHs. Ha
OCHOBI KOHMAKMHOI KPUBOi, YMBOPEHOI NPOGIOHUKOM MIXHC MOUKAMU KPINIeHHA Ha Pi3HIl eucomi. AHani3 6KI04ac po3paxyHox O08HCUHU
nposioHuKa Osl 3a0anoi po3MALYIOUOL CUU | GUKOPUCTNAHHS DIGHANHA 3MIHU CIMAHY O GU3HAYEHHS CUTl 8 HOBUX MEMNEPAMYPHUX YMOBAX.
Ilepegipxa 30iticnioembcs 3 6ukopucmaniam pospaxyuxie memooom FEM. Pe3ynemamu. 3anpononosane piwents 6yno nepesipeno Ha
mooewix FEM 3 pisnoro pisnuyero eucom (5 m ma 15 m) ma memnepamypoio nposionuxa (<30 °C, =5 °C, +80 °C). Pezynomamu noxazamu
MinimaneHy nomuaky (menwe 0,15 %) migic ananimuunum piwennsm ma pesyivbmamamu FEM, Oemoncmpyiouu 6ucoky mouHicmb.
Opuczinanvhicme. Y yiti cmammi npedcmagneno Hoge ananimuyte piuients 3a0a4i po3paxyHKy 3yCuilb, Wo po3mseyions, y HeCUMEempUIHUX
NponbOmax 3 HamaxdcHumMu izoasmopamu. Ha iominy 6i0 icHyrouux memoois, Hawle pilieHHs € NPOCmuM ma 1e2Ko peanizoeanum 6yob-
K010 M060I0 npoepamyeanns. Ilpakmuuna winnicme. Bupiwienns npaxmudno 01 pYMUHHUX 3060aHb NPOEKMYBAHHS €NEeKMPUUHUX
nidcmanyiil abo KOpOMKuX noeimpsHux uiHill enekmponepeoaui. Touni cuiu, wo posmseylom, He0OXiOHI, 0COONUS0 HA CUTOBUX
niOCMAaHYisix, He MINbKU OJis MEXAHIYHO20 NPOEKMYBAHHSL MA PO3PAXYHKY NPOGUCANHS, djie T OJisl PO3PAXYHKY OUHAMIYHUX eeKmie cmpymie
Kopomkoeo 3amuxantsi. bion. 23, Tabn. 4, puc. 3.

Kniouosi cnosa: mincranuis, HeCHMETPUYHHUI MPOJIIT, HATSIZKHA AiIAHKA, 3MiHA CTaHY.

Introduction. One of the basic calculations in the both span ends, typically used for busbars in power

design of overhead power lines (OPL) and electrical
substations is the analysis of the horizontal tensile force
acting on the tensioned current-carrying conductor in
various temperature states [1, 2]. These temperature states
result from the natural cooling and heating of the conductor
due to ambient temperature, induced wind, irradiation,
currents in the conductors, etc. [3]. As a result of a change
in conductor temperature, the length of the conductor and
the forces acting on the conductor also change. These forces
need to be analyzed in the design phase to ensure long-term
safe operation and prevent unwanted damage or breakage of
the conductors [4]. For this purpose, a tensioned conductor’s
state change equation is used. The state change equation
makes it possible to determine the forces acting in the
conductor in any second state given the known value of
force and temperature in the defined first state [5].

This article deals with a general problem of
horizontal tensile force calculation in a stranded
conductor connected at two points with rigid insulators at

substations. For spans where the weight of the conductor
is much higher than the insulators’ weight, the tension
insulator’s influence and the number of conductors in the
bundle can be neglected for calculating the horizontal
tensile force Fj, acting on the conductor. These are typical
tension sections of OPL and long spans [6, 7].

Long spans are typically characterized by the
condition where the mass of the insulators is considerably
less than that of the conductor, resulting in the formation
of an almost ideal catenary shape when the span is
observed. Solution for long span mechanics is well
described in [8] or in [5] by state change equation for long
spans and is widely used in power line design practice
today [8]. Conversely, assessing the catenary curve for
short spans is a more intricate task due to the substantial
influence of insulator weights at the span ends [9]. Short
spans are typical, for example:
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e short tension sections of OPL (approx. less than 150 m);

e dead end of OPL and their connection to an
electrical substation;

e tensioned sections in electrical substations, busbars,
spans with termination on transformers (Fig. 1).

L ot E : T'_:
Fig. 1. Example of a short asymmetric span in an electric substation

The mentioned examples of short spans are, in most
cases, asymmetrical, which mean that the heights of the
suspension points of the insulators are different. Results
of mechanical calculations of asymmetric short spans are
practically necessary for the following:

e design of tensioned spans [10, 11];

e control of deflections and permitted distances
between conductive parts in electrical substation [12];

e calculation of dynamic effects of short-circuit
currents in electrical substations [13—15];

e dynamic line rating implementation of OPL or
electrical substations [16, 17];

e determination of the intensity of electric field [18];

e determination of magnetic flux density [19, 20].

A symmetric solution to the problem without
considering bundle conductors was processed in [§8]. An
extended solution of the symmetrical span under the
influence of bundle conductors is presented in [9].

Solution for asymmetric span win tension insulators
using the Finite Element Method (FEM) is presented in
[21]. The authors proposed an iterative process based on

the mutual calling of MATLAB and ANSYS software.
Although it is a valid solution to the problem, it can only be
rarely applied in substation design practice due to the need
for complicated FEM modelling and complex software.

In another paper by the same group of authors from
2022, they presented a more general solution of the state
change equation with the influence on non-uniform load.
Authors presented the application of their solution on
ultra-high voltage OPL sag calculations [22].

In [23] was presented software for sag-tension
substation calculation. Their solution was again purely
symmetric. These few studies represent the only relevant
sources of information on the topic. We therefore
consider it necessary to provide a straightforward solution
to the mentioned problem.

The goal of the paper is to presents a clear,
comprehensible and universal analytical solution to the
mechanics of unsymmetrical spans with consideration of
tension insulators. The presented solution is easy software
implementable in any programming language and does not
require complex tools and programs. The solution was
validated using FEM, and the results show a high agreement
of the analytical results with the numerical model.

Methodology. Consider a stranded aluminum
conductor steel reinforced (ACSR) conductor connected
between attachment points (AP I and AP II) and sagged
with a horizontal tensile force Fj, and ignoring the
insulators. The conductor shapes itself in a catenary
curve. If points AP I and AP II are at the same heights,
the span is considered a symmetric span. Most spans are
asymmetric and have insulators on both ends, which
cannot be omitted in the calculation in case of short spans,
approximately under 150 m. Figure 2 shows a general
short asymmetrical span with tension insulators. The
investigated system consists of two attachment points for
insulators (API I and API II) and two attachment points of
conductors (APC I and APC II, Fig. 2), on the opposite
sides of the span. We assume identical rigid insulators on
both ends.
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Fig. 2. General short asymmetrical span with tensile insulators
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Typical conductor used for tensioned busbar in
substations is ACSR conductor. The conductor is freely
attached to the insulator on both sides, forming a natural
cattery curve with a defined parameter ¢. Distance from
the APC I to the vertex of the catenary is a'. Similarly, a”
equals the distance from the vertex to the APC II.

Total span length a,,, is a known parameter and
equals length from the API I to the API II. Table 1 shows
the list of known parameters.

Table 1
Known parameters of the span
Symbol Description
v, Height of insulator placement at APC |
v," Height of insulator placement at APC II
b; Insulator length
W, Insulator weight
np Number of conductors in a bundle
Asoral Span length with insulators
o Thermal coefficient of conductor expansion
E Young modulus of elasticity of the conductor
N Cross-section of the conductor
W, Conductor unit weight
F, Horizontal tensile force in a single conductor

We assume that horizontal tensile force F), acting in

a conductor is a known defined parameter. From this, a

catenary parameter c is given as:
Fy

Welp8 ’
where g is the gravitational acceleration.

The analytical solution, state equations calculation,
of the presented system, consists of two steps:

o calculation of the length of the conductor for a given F};
e calculation of state change equation for a set of state
quantities.

Length of the conductor. In general, without
considering a specific attachment point, it applies that in a
steady state, the sum of the torques of the given system,
the insulator and the conductor equals zero (Fig. 3).

C =

(1

",
s catenary vertex

Fig. 3. Forces acting on the conductor on a one side of the span

In such a case, the insulator of length b; and weight
W; settles in a position with horizontal deflection b, and
vertical deflection b,. We can write the torque condition
as follows:

F\b,— Fynpb, =0, 2)
where F, is the vertical force and Fj, is the horizontal
force acting on the conductor; n, is the number of
conductors in the bundle; F), is the function of the length
of the conductor / and insulator properties.

F, equals the sum of the weight of the conductor
acting on the length from the APC to the vertex of the
catenary and the weight of the insulator acting on half the

length of the insulator projection b,. The weight of the
conductor is considered as the weight of the conductor per
unit of length F, as a function of / equals:

1
FV(I)ZEWI-g+WL.znblg. 3)
Torque condition now equals:
(%Wi+wclnbjbxg—thy =0. “)

The length of the insulator b; equals by Pythagorean
theorem:

b? =b7 +b; . (5)

The equations (4), (5) represent two equations with
two unknown parameters. Their positive solutions for
insulator deflections, b, b,, as a function of F, are given
following equations:

) _ blF Wy

\)(thb)2 +Fv2

biFv

by(F)=——L—; (7
’ (thb )2 +Fv2

For clarification, all quantities related to AP I have a
superscript «» and all quantities related to AP II have a
superscript «"». For the sake of simplicity, the relations
for AP I will be presented in the following section. The
vertical component of the conductor force F," at APC I is
a sum weight force of the insulator and conductor at
length /' (Fig. 2):

! ! 1 !
F()= g(EWi eyl j ®)

Similarly, F,” at APC II. Solving the length of the
conductor is an iterative calculation when in the first step,
a random estimate is made for the deflection of the
insulators b,', b, and b,’ and b," (e.g. b,' =b," =b; and
b,'=b,"= 0). The length of the conductor span is given as:

ab',.b7) = arorar — (b +57) ©)

The heights of the suspension points of conductors
V'in APC I and V" in APC 1I are equal to the difference
in the height of the AP I insulator and the vertical
deflection of the insulator:

Ve, )=v.-b,. (10)

Similarly, V" at APC II. The horizontal distance
from the APC I to the vertex of the catenary a’ equals:

b(F, ©)

Al R TS

2c- sinh(aj 2¢
2c

Horizontal distance from the APC II to the vertex of
the catenary a'’ equals:
a"(a)=a-a". (12)
Length of the catenary /' from the APC I to the
vertex of the catenary equals:

I(a')=c /sinhz(_—a'jﬂ -tgh(i) (13)
C C

Similarly, /" at APC II. As a result of the force F},
the length of the conductor will contract. The total

d'(V',V".a)=a-c-| arcsinh

66

Electrical Engineering & Electromechanics, 2024, no. 5



conductor lengths /' will be equal after this shortening:
Fyply

r'e)=1 - ,

(z) 1T E.s

(14)

where £ is the Young modulus of elasticity; S is the cross-
section of the conductor.

Similarly, /" at APC II. Now, it is possible to
determine the vertical force acting in both attachment
points F',(I") F"(I") from (8). From the vertical forces, the
new insulator deflections, b,’ b," equation (6) and b," and
b,", equation (7) are determined.

The calculation is repeated until the difference
between newly calculated deflection equals or exceeds
user-defined precision &. The length of the conductor is
then calculated as follows:

I(a',a)=—c sinhz(ﬂ]+l -tgh(a —a]+
\/ ¢ ¢
+c sinh2(1]+l ~tgh(a—)
\ ¢ ¢

General form of state-change equation. Subscript 0
defines the primary state, and subscript 1 defines a new
state of the conductor. The calculation assumes that the
span parameters are known (Table 1) together with the
force F at the conductor temperature Jy. The calculation
aims to determine the horizontal tensile force in the new
state of the conductor, which is characterized by a change
in state variable 3.

Change in conductor temperature from 9y to %
causes change in the length of the conductor Aly:

Alg =lpe(% — %), (16)
where [, is the length of the conductor at state 0 and a is
thermal coefficient of expansion. Change of conductor
length due to temperature, Aly, results in a change in
conductor sag and, therefore, a change in horizontal
tensile force in the conductor. This change of force causes
the opposite change in the conductor length A/

/

.(15)

Alp =E—(_)S(Fho—Fh1)~ 17)

The total change in conductor length is equal to:
Al:ll—l(); (18)
Al = Alg— Al (19)

By combining (18), (19) with (16), (17) we get
general state change equation of the conductor:

1
10(06(191 —190)+ﬁ(Fh1 —Fho)}rlo - =0. (20

Calculation. The following iterative algorithm is
used to calculate the conductor length. Known parameters
are listed in Table 1 together with the force Fj at
conductor temperature 9. The iterative algorithm consists
of the following steps:

1) calculate the length of the conductor /, in state 0;

2) make the initial guess of F w® = Fy, where k
iteration step equals £ = 0;

3) calculate the length of the conductor /¥ in state 1;

4) calculate the steady state equation error U, %

Ui = ’o[“(lgl —90)+ﬁ(F;ff‘)—Fho)}+lo - @1

5) compare error results:

‘Ug")‘ <e. 22)

e If (22) is True then F),* is the resulting force in
state 1 and calculation is over.

e [f(22) is False then continue to 6).
6) define new F,;“"" according following rules:
If k=0 then 4F),;, = 0.9-F),,"*;
If k# 1 then AF,;, = 0.5-F,,*;
If UP >0 then F),“™" = F,,® — 4F,,;
If U® <0 then F, “™" = F,,® + 4F,,,.
7) increment k& and repeat from step 3).
Validation and results. Presented analytical
solution for the general state change equation of
conductor with tensile insulators on both ends was
validated by calculating identical problem using FEM.
FEM model was prepared as a transient structural analysis
representing the process of assembling and tensioning the
conductors (or bundled conductors) for a defined span in
the gravitational field, respecting all given material
properties and boundary conditions of the model. The
model consists of a fine mesh of link elements that can
form ideal sag from the mathematical and physical point
of view. In addition, the model involves the link elements
for insulators and auxiliary damping elements that ensure
a converged model state in time. Result comparison was
made for the following models:

o two height differences, 47: 5 m and 15 m;

o three temperatures in state 1: —30 °C; -5 °C; +80 °C;

e single conductor and three conductor bundle
arrangement.

ACSR conductor 758-AL1/43-ST1A was considered
in the calculation. This is a typical, most common ACSR
conductor used in a substation in Slovak and Czech
Republic region. In all models and calculations, the span
length @,y was 30 m and force in primary state Fo was
4500 N. Temperature at state 0 was —5 °C. A summary of
the model and conductor parameters are in Table 2.

Table 2
Conductor and span specification
Quantity Value Unit
b; 6.64 m
W, 2.432 kg/m
W; 425 kg
Fro 4.5 kN
S 801.2 mm’
Qiotal 30 m
AV 5;15 m
ny 1;3 —
a 211107 1/°C
E 62300 MPa
190 -5 °C
% -30; —5; +80 °C

Tables 3, 4 show the results of calculated horizontal
tensile force in state 1 for different A4V, temperatures and
number of conductors in the bundle. For all calculations,
the error of the analytical solution to the FEM was
determined as:

FthEM _Fhlan 100

thEM

error =

. 23)
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Table 3
Comparison of horizontal tensile forces in the conductor,
AV =15 m, determined using FEM and analytical solution
of the state equation

n, | 9, °C Fiirev, N Fiians N error, %
-30 4524.89 452531 0.009
1 -5 4499.23 4500.00 0.017
80 4414.87 4416.79 0.043
-30 4632.08 4638.67 0.142
3 -5 4497.11 4500.00 0.064
80 4111.94 4106.47 0.133
Table 4

Comparison of horizontal tensile forces in the conductor,
AV =5 m, determined using FEM and analytical solution
of the state equation

n, | 9, °C Frirem N Frign N error, %
-30 4518.26 4518.13 0.003

1 -5 4499.92 4500.00 0.002
80 4438.90 4439.67 0.017
-30 4585.83 4586.12 0.006

3 -5 4499.71 4500.00 0.006
30 4238.50 4239.01 0.012

Discussion. FEM itself also contains a certain amount
of error, because the conductor or bundle of conductors is
not considered a continuous continuum, but a finite link of
elements representing the conductor. This error can be seen
in Fypem for temperature in state 1-5 °C. The expected
value is 4500 N because no actual change of conductor
state happened. However, the resulting values of F, in
state 1 are approximately 0.002—0.06 %. We consider this
error to be insignificant, but it is necessary to keep it in
mind when comparing it with the analytical solution.

As can be seen from the results, the analytical
solution achieves a minimal insignificant error compared
to the solution of the problem using FEM. The error of the
analytical solution is at the level of the internal error of
the FEM calculation itself. Results also show that error
rises with a higher difference of attachment points. Again,
the value of this error is in the order of 0.1 %, which is
considered highly tolerable.

The primary benefit of the analytical solution in
practical applications is its speed. This solution can be
readily integrated into the software tools that designers
currently use. Conversely, addressing the issue of
asymmetrical spans with tension insulators through the
FEM method is time-consuming and inefficient for
project planning in real-world scenarios.

Conclusions.

1. We have presented a comprehensive analytical
solution to the mechanics of asymmetrical spans with the
influence of rigid tension insulators on both ends witch
are typically. These are the typical tensioned spans used
in electrical substations, short overhead power line
sections or dead end of overhead power line and its
connection to an electrical substation. Our analytical
approach is valuable for a range of applications, including
the project phase of tensioned spans, the control of
deflections and permitted distances between conductive
parts in electrical stations, the calculation of dynamic
effects of short-circuit currents in electrical substations,
and the implementation of dynamic line ratings in
electrical substations.

2. The presented solution is easily implementable in
any programming language and does not require complex
tools or software.

3. We validated this solution by comparing it with
finite element method calculations, and the results showed
a high agreement between the analytical results and the
numerical model.

4. Overall, this work contributes to a better
understanding of the mechanics of overhead power lines
and tensioned busbars in electrical substations, especially
in cases involving non-uniform load distribution and the
influence of tension insulators.

5. It offers a valuable tool for engineers and designers
in power transmission and distribution, facilitating more
accurate and reliable designs for these critical
infrastructure components.

6. The motivation for publishing our solution is the
lack of a solution to the problem that is understandable
and easily implementable in software.

7. The presented work and issues can be expanded in
the future by implementing insulator chains connected in
series instead of single rigid ones.

In summary, this analytical solution provides
engineers and designers with a practical and efficient
method for calculating the horizontal tensile force in
conductors equipped with tension insulators in overhead
power lines and electrical substations.

Conflict of interest. The authors declare no conflict
of interest.
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