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Analytical determination of a quasi-stationary electromagnetic field created by magnetic
moments and eddy currents in conducting half-space

Aim. Study of the distribution of a three-dimensional alternating quasi-stationary electromagnetic field at the surface of conducting
half-space with strong skin-effect, the source of which is an arbitrarily oriented magnetic moment. Methodology. The expressions for
non-uniform electromagnetic field with strong skin effect are used for the analysis, which is based on the found exact analytical
solution of the general three-dimensional problem and the use of expansion into asymptotic series with respect to a small parameter
that is proportional to the ratio of the field penetration depth to the distance between the sources of the external field and the surface
of body. Specific expressions at the surface are completely determined by the known field of external sources. In this work, the
external magnetic moment field is used. Results. For strong skin effect, expressions for the electric and magnetic field strength are
obtained separately for the components of the magnetic moment oriented perpendicularly and parallel to the flat surface between the
dielectric and conducting areas. The features of the electromagnetic field distribution are analyzed depending on the value of
introduced small parameter. The results are presented for the module and phase shift of the field strength with respect to the phase of
the external field source. Originality. The expressions found for the electromagnetic field appear to be more general than the use of
closed contours with alternating current, since they extend types of external field sources and allow the use of the superposition
method instead of integration over the entire contour. Practical value. The found specific analytical expressions of the
electromagnetic field at the surface for the external field of magnetic moments significantly simplify the solution of the problems,
since they do not require additional solution of the field equations. References 20, figures 8.

Key words: three-dimensional quasi-stationary electromagnetic field, strong skin effect, external field of magnetic moments,
asymptotic method, analytical solution.

Mema. Jlocnioscenns 6 ymosax nposisy CUlbHO20 CKiH-eeKkmy po3nooiny Ha NOBEPXHI eNeKmponposioH020 NiENPOCMOPY MPUBUMIDHO20
3MIHHO20 K8A3ICMAYIOHAPHO20 eleKMPOMASHIMHO20 NOJA, 0XHCEPENoM 308HIUNHBLO2O N0 AKO20 € O0BIILHO OPIEHMOBAHUL MASHIMHULL
Momenm. Memoodonozia. /[na ananizy GUKOPUCMAHULU QHATIMUYHUIL DO36 A30K 3A2aNbHOI MpPUSUMIpHOI 3adaui 01 BUNAOKY
HEOOHOPIOHO20 eeKMPOMACHIMHO20 NOJA NPU CUTbHOMY CKiH-egheKmi | UKOPUCAHHI PO3KIAOAHHA 8 ACUMNIMOMUYHI PAOU NO MALOMY
napamempy, AKUll NPONOPYIUHUL GIOHOWEHHIO 2TUOUHU NPOHUKHEHHs MO 00 6I0CMAaMi Midc Odicepenamu 308HIUHbO20 NOJs |
nogepxmero mina. Konkpemmui eupazu Ha noeepxui NOGHICMIO SUBHAUAIOMbCS BIOOMUM HONEM 306HIWHIX OXNCEpeln, 8 AKOCHI SKUX
BUKOPUCIOBYEMbCA NONe MAcHIMHo20 Momenmy. Pesynomamu. [{na cunvnoco cKin-epekmy ompumano supasu O1s HaAnpysceHocmell
EIeKMPUUHO20 | MACHIMHO20 NOIE OKPEMO Ol KOMNOHEHMIB MACHIMHO20 MOMEHIY, W0 OPIEHMOBAHT NEPNEHOUKYIAPHO | NAPALETbHO
00 NAOCKOI NoBepxHi MidC OleleKmpuuHo 1 enekmponpogionoo obracmsmu. Ilpoananizoeano ocobnugocmi  po3nooiny
eNeKMPOMASHIMHO20 NOA 8 3ANEHCHOCHII 610 BENUUUHU 66€0eH020 MAN020 napamempy, Pesynomamu npedcmasneno oiisa Mooyie i 3¢ysy
¢az Kkomnonenmie Hanpydcenocmeil nonie 6IOHOCHO (azu Odcepena 306HiWHL020 nos. Opucinanvuicme. 3naiideni gupasu Ons
E/IeKMPOMACHIMHO20 NOJIA YAGIAIOMbCA OlbUl 302ATbHUMU, HINC GUKOPUCIAHHA 3AMKHEHUX KOHMYPI6 31 3MIHHIM CIMPYMOM, OCKLTbKU
PO3MUPIOIOMb BUOU 0dCepel 308HIUHBO2O NOJS, WO 6PAXOBVIOMbCA, | 003601AI0Nb BUKOPUCIAMU MemOO CYRepnosuyii 3amicmo
inmezpyeanns no ecbomy koumypy. Ilpakmuuna yinnicme. 3naiioeni KOHKpemHi ananimuuni eupasu eieKmpomazHimHo20 nos Ha
NOBEPXHI 05l 306HIUHLO20 NOJIA MASHIMHUX MOMEHMIB 3HAYHO CHPOWYIOMb BUDILUEHHS KOHKPEMHUX 3a0at, OCKLIbKU He Nompetyomy
0151 Y020 D0OAMK08020 PO38 3Ky pisHsnb noss. bioim. 20, puc. 8.

Kniouogi cnosa: TpuBUMipHe KBa3icTalioOHApHe eJIeKTPOMATHITHe MoJie, CHIbHUN CKiH-e()eKT, 30BHIIIHE IOJe MArHiTHHUX
MOMEHTIB, ACHMITOTHYHMIA MeTO/l, AHATITHYHMIA PO3B’SA30K.

Introduction. The interaction of an alternating
electromagnetic field with electrically conducting bodies is
accompanied by the manifestation of the skin effect. In
high-frequency and short-time pulsed electromagnetic
processes, there is a strong skin effect, then the current and
electromagnetic field are concentrated in the thin surface
layer of the body. In this case, the formulation of
mathematical models for calculating the electromagnetic
field is significantly simplified. The simplest mathematical
model of the ideal skin effect can be imagined, when the
characteristic dimensions of the conducting body L
significantly exceed the field penetration depth J. Here, it is
enough to consider a stationary problem for a body with
ideal electrical conductivity and, accordingly, zero field
penetration depth 6~0 [1, 2]. In this case, the normal
component of the magnetic and the tangential component
of the electric fields are equal to zero.

The further development of approximate models of
the electromagnetic field penetration into conducting
medium at & # 0 is associated, first of all, with studies
based on the impedance boundary condition [3, 4].

In the mathematical model proposed by
M. Leontovich back in the middle of the 20th century [3],
the model with ideal electrical conductivity remained the

starting point. From this model, the magnetic field
strength tangent to the surface of the conducting body was
determined. The bounded depth of field penetration was
calculated using the concept of the impedance boundary
condition, where the magnetic field strength at the surface
of the body is related to the electric field strength by a
specific ratio. It is assumed that electromagnetic field
locally penetrates into metallic body in the same way as
uniform field penetrates into conducting half-space. The
model is approximate and one of the issues is determining
the limits of the model's application. A detailed analysis
of many years of research in the development of the
concept of the impedance boundary condition is
presented, for example, in [5, 6].

The development of effective methods for solving
3D problems of electromagnetic field theory in a fairly
general formulation is a topical problem, despite
significant progress in the use of numerical calculation
methods. Analytical methods of solving similar problems
still have a certain appeal for theoretical research. This is
due to their positive aspects. First, there is a wide range of
objects where specialized analytical or combined
numerical and analytical approaches remain effective.
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Such objects include, in particular, systems whose
geometric features are characterized by a different nature
of the field change in space — a rapid change near
concentrated sources of the field or near the interface
between media and a much slower one in another region
of space with a much larger volume. Secondly, the
availability of an analytical solution makes it possible to
obtain general features of the formation of a 3D field, and
make it possible to carry out an in-depth analysis of the
causes and features of physical processes. There is also an
opportunity to develop well-grounded approaches to 3D
modeling of complex electromagnetic systems. Finally,
analytical solutions provide a certain set of exactly
solvable problems, which can be a benchmark for
comparison when developing other methods for
calculating systems of more complex geometry, where
obtaining analytical solutions is impossible.

The book [7] presents the exact analytical solution
obtained by the author and published in separate articles
for alternating and pulsed electromagnetic fields created
by a system of spatial contours with a current of arbitrary
configuration, located near a magnetized conducting body
with a flat surface, where eddy currents are induced. The
solution for closed contours was found in the integral
form for vector and scalar potentials, magnetic and
electric field strengths in dielectric and conducting media
without restrictions on the geometry of the contours,
medium properties and field frequency. The obtained
solution made it possible, in particular, to establish the
following general features of field formation [8]. The
components of current density and electric field strength,
perpendicular to the surface, have a zero value in the
entire conducting half-space. The result is also a boundary
condition for the normal component of the electric field
strength in the dielectric medium, which is completely
determined by the known field of external sources.
Another consequence of the exact solution is the
conclusion that non-uniform electromagnetic field, when
penetrating into conducting half-space, always decays
with depth faster than uniform field.

Simplification of computational procedures is also
necessary for the analytical solution, especially when
solving optimization and inverse problems of field theory.
The calculation is simplified significantly not only for
ideal skin effect at 60, but also for the strong skin effect
in its extended sense, when the distance r between the
sources of external field and observation points at the
body surface is limited. An effective technique is the
expansion of potentials and field vectors into an
asymptotic series [9, 10] with respect to the small

parameter &= ,u5/ (x/;)<1, where w4 is the relative

magnetic permeability of the conducting medium. This
representation also allows to draw further conclusions
regarding the general features of the 3D electromagnetic
field formation. In particular, it was established that at the
flat boundary the field strength is determined not only by
the value of the components of known external field, as in
the model of ideal skin effect, but also by its derivatives
along the coordinate perpendicular to the media interface.
Thus, the effect of field non-uniformity at the surface is
determined, and the distribution of the field at the surface

does not require the solution of additional boundary value
problems.

The peculiarity of the applied power asymptotic series
of the Poincaré type [11, 12] is the limited number of their
members N. This is due to the error of determining each
term of the series, which increases with the increase in the
value of the parameter £ and the number of the series term
n. Therefore, there is such a number of terms at which the
error is minimal and further increasing their number only
increases the error. In [9, 10], issues of the limits of
application of the asymptotic method for the general case
of an arbitrary external field, error analysis, determine of
the number of terms of limited series, as well as their
optimal number are presented. In addition, when
calculating the value of the field due to the error in
determining the terms of the series, their values are taken
into account with a weight function, the value of which
depends on the error estimate.

In [9], in particular, it is shown that calculations with
sufficient accuracy can be performed for the value of the
small parameter ¢ < 0.3. This condition is fulfilled in
many technological processes, where it is necessary to
ensure a strong interaction between the electromagnetic
field of inductor and the conducting body. For example,
in devices for high-frequency induction heating of flat
metal products [13, 14], the distance between the inductor
and the body usually does not exceed # = 3 cm. In this
case, at € = 0.3, for example, for brass products (¢ =1,
y=12510" Q"' m") at & = 0.03 m calculations can be
performed for frequencies f = @2z > 125 Hz. In
equipment for exposure to a strong field to improve the
mechanical properties of metal products [15, 16], the
distance is 2 = 0.01-0.02 m. In this case, at 2 = 0.01 m for
aluminum (z = 1, y = 3.71-10" Q"' m') permissible
frequencies are f> 380 Hz. It should be noted that the
devices for the technological processes indicated here are
examples of objects in the development of which the
calculation methods under investigation can be used.

Sources of the external field can be not only
contours with alternating current. In the general case,
sources of the external field can also be represented by a
system of magnetic moments [17]. This representation is
even more convenient, since in the quasi-stationary
approximation the contour must be closed and cannot be
divided into parts [18]. At the same time, the principle of
superposition is valid for the magnetic field of the system
of magnetic moments. Each magnetic moment m is a
individual field source whose vector 4 (V-4=0) and scalar
@, magnetic potentials in a non-magnetic medium

g tomxr_ gy, ol
Az 3 4 r
1
m-r 1 1 M
m = 3= —m-V—
A 4z r
determine the same magnetic field strength H
1 1 |3m-rr m
H:‘u—VXA:—V(Dm:E 2 7——3 N (2)
0 r r

here the vector r is directed from the point of source
(moment) to the observation point.
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Each contour with current [, for the electromagnetic
field of which calculation expressions are given in [7], can
be replaced by a surface S resting on a closed contour with
field sources in the form of a double layer of magnetic
charges (magnetic moments) dm = 14/, dSn, where wplyn is
the surface density vector of the distributed magnetic
moment directed along the normal » to the surface (Fig. 1).

Fig. 1. Replacement of a contour with a current by the surface of
a double layer of magnetic charges (magnetic moments)

Now, in contrast to the found expressions for the
contour, the calculations allow the application of the
principle of superposition with the summation of the fields
created by the system of magnetic moments covering the
surface S. As the distance from the source of the field to the
observation point increases, the number of magnetic
moments that provide the required accuracy decreases. At a
considerable distance, the field source can be represented
by one total magnetic moment that creates the field (1), (2).

Currently, despite the fairly general nature of the use
of the field of magnetic moments, there are not enough
specific studies of their application to represent the field of
external sources in the asymptotic method of calculating the
electromagnetic field. Therefore, the study of the possibility
of their application in the practice of analytical calculations
of 3D quasi-stationary fields is a topic problem.

The goal of the work is to obtain specific calculation
relationships and to study the features of the distribution
for non-uniform quasi-stationary electromagnetic field at
the surface of conducting half-space created by external
source in the form of one magnetic moment and eddy
currents in conducting medium which change in time
according to a sinusoidal law under the conditions of
strong skin effect.

Mathematical model. It is assumed that near the
conducting half-space with electrical conductivity y and
relative magnetic permeability x# at a distance £ in
dielectric non-magnetic medium there is a magnetic
moment m =m +m  that varies in time according to a

sinusoidal law with cyclic frequency o (Fig. 2). Here and
in the below, complex amplitudes are denoted by a dot
above the corresponding symbol.

z
z=h m
r Vv
e
N . 4

)
I
v H : L

Fig. 2. The location of the magnetic moment nearby
conducting half-space

In the general case, the magnetic moment is arbitrarily
oriented relative to the media interface: the component
m) =y is oriented parallel to the surface along the unit

vector e); the component mt| =r,e, is oriented along the
unit vector normal to the surface e..

The solution of the problem for the electromagnetic
field at the surface between dielectric and conducting
areas based on the exact solution for the system: «an
arbitrary spatial contour with sinusoidal current as a
source of the external field — a conducting half-space» [7].
It was shown in [8] that in the case of strong skin effect in
the extended sense when ¢ < 1, taking into account the
external field non-uniformity at the surface of conducting
body with flat surface, the electric and magnetic field
strengths are completely determined by the magnetic field

strength of external sources HO. The resulting

expressions in the form of expansion into limited
asymptotic series for the tangential and normal

components of the electric E :E‘| +E, and magnetic
H-= HH +H | field strengths are as follows:

- Tangential components of fields that are the same
at the surface in dielectric and conducting media:

. N " pm ,
EH(Z=0)= gZZan(u{ﬂ] {_nerHO|} 3(3)
n=0 \/7 24 z=0

5(’1)H0H

U@
&

) N+l cr n
Hy(z=0)=- 2a,,(u) =
n=0 \/7
z=0
where = p/yis the surface impedance, p =./jouyy is
the propagation constant, j is the imaginary unit. In (3),
(4) it is taken into account that gr/ \/7 =u/p . The a,(1)

are the coefficients of the Taylor series expansion of the
function

1/w=2)an(u)(;(/\/7y,where w(;():%+ 1-{%\/7] ,

it is assumed a_; = —1. The number N of terms of the
limited asymptotic series is determined, first of all, by the
value of small parameter ¢[9, 10].

- Normal components of the electric E, E] and

magnetic H, H] fields at different sides of the surface
in the dielectric (z = 0+0) and conducting (z = 0-0) media
are different.

At any point of the electrically conducting medium,
the component of the electric field intensity directed
perpendicular to the surface is equal to zero for arbitrary
values of the parameter £ and then at the surface of the
body in dielectric medium the electric field strength is
completely determined by the induced electric field of
external sources which is considered as known

E.(2<0)=0; Ef=-2jwd.(z=0), 5)
where AOz (z = O) is the normal component of the vector
potential of the magnetic field of external sources.
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Taking into account the continuity of the normal
component of the magnetic flux density, the expressions
for the normal components of the strength on different
sides of the surface are

)[gr] “{W“)HM}
. — 0 -©®
n=0 \/7 24 2=0

The zero term of the asymptotic series in (3), (4)
corresponds to approximate model in which it is assumed
that the field at the surface is uniform and the normal
component of the magnetic field strength is zero. At the
same time, the value of the tangential magnetic field at
the surface corresponds to the magnetic field at the
surface of a body with ideal conductivity and,
accordingly, zero field penetration depth 0.

Expressions (3) — (6) take into account the non-
uniformity of the field of external sources. This is
evidenced by the presence in the expressions of
derivatives with respect to coordinates directed
perpendicular to the surface of interface media. The
influence of the non-uniformity of the electromagnetic
field for tangential components is revealed in terms of the
series with numbers n > 1. The normal component of the
external field is already taken into account in the first
term of the asymptotic series.

The given expressions of electromagnetic field
distribution are approximate. In the calculation examples
presented below, the value of the small parameter does
not exceed the assumed value & = 0.3. The number of
terms of the asymptotic series was equal to four (N = 3).
At the same time, according to the estimates made in
[9, 10], the relative error in determining the field strengths
did not exceed the value Ay =5-107.

The electric and magnetic components of the field at
the flat surface of the conducting body are calculated
below separately according to expressions (3), (4), (6) for
the components of the magnetic moment oriented along
the normal and parallel to the surface.

Electromagnetic field of magnetic moment m;
oriented along the normal to the surface. The external
magnetic field of the magnetic moment m | =m e, has

HI =puH] = 22“

axial symmetry, and it is convenient to write its
expression in the cylindrical coordinate system (p, 6, z)
with standard basis vectors (e,, e e.) directed along the
corresponding coordinates. Then, in accordance with (2),
the magnetic moment creates the following field at
arbitrary point of the space

Hozi{s("‘”)r—ﬂl:

47 r5 r3

_m 3M_L 3(2 h)pe
4r r5 }"3 4 r

()

5 P

The parameter ¢ depends on the distance r between
the source and observation points. At the point O, at the
surface directly below the magnetic moment the distance
r = h is minimal and parameter & takes its maximum
value. Accordingly, at this point the error of the
approximate calculation method is the largest.

For further analysis, we will use the single
maximum  value of the  small  parameter

yé'/ (h\/_ ) &(r/h). Using the & and &, values, the
surface impedance is found to be ¢ = ﬁ wohs,, .

By substituting the value of the external magnetic
field (7) into the expressions for the field strengths (3), (4),
(6), we obtain their distribution along the radial coordinate
p at the surface of the conducting body, depending on the
value of the small parameter &, as well as the height of the
location 4 and cyclic field frequency @.

The normalized values of the electric and magnetic
field strengths are entered as follows:

E =E Homz® and H =H e .
=1 4 43

The expression for the normalized value of the
tangential component of the electric field strength takes
the following form:

. sk ; n+ 6() Z—l
E, =egﬁ6 mZa (\/_] h 452” ( ~ jzo (8)

In turn, the normahzed values of the tangential and
normal to the surface components of the magnetic field
strength are revealed

N+1 n (n)
oV (z-1
—e, 62 Zan 1( J R ( J : (9)
n=0 \/_ oz" 1‘5 =0
N ot (n+1) 2
- & 0 2(2—1)2—,0
H| =¢2Y a,| 2| pt .(10)
L Z(:) "[ \/7 J aznﬂ{ e ]z=0

From the presented dependencies, it can be seen that
in this case of axisymmetric electromagnetic field, the
electric field strength has only one azimuthal component,
and the magnetic field strength is represented by radial
and normal components.

In Fig. 3-5, the dependencies of the distribution of the
normalized components of the complex-value amplitudes
of the electric and magnetic field strengths are given as

Eg = i‘Ee‘exp(WEe) and  Hy = i‘Hk‘eXP(WHk)
where k = p, z. The sign «—» before the module of the
complex-value amplitude is used to indicate the opposite to
the selected direction of the field vector component. In this

case, at the same time, the phase shift angle relative to the
phase of the magnetic moment changes by 7.

0
0,1
IS
“b2
0,05
0,3 A
0 1 ph 2 Y 1 ph 2

Fig. 3. Distribution along the surface of the module — ‘ E;‘ (a)

and the phase shift angle ¢gq () of the tangential component of
the electric field strength for the source m |
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Fig. 4. Radial component of the magnetic field strength:
dependence of the module — ‘ H;‘ on the radial coordinate (a);

dependence of the phase shift angle ¢y, on the parameter &, (b)
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Fig. 5. Distribution along the surface of the module ‘ H:‘ (a)

and phase shift angle ¢y, (b) of the normal component
of magnetic field strength

For an ideal skin effect at g,—0, the tangential
strength of the electric field, as well as the normal
component of the magnetic field, are equal to zero. In this
case, the tangential strength of the magnetic field is equal
to double value of the tangential component of external
magnetic field [9]. Such field is used in a simplified
model of the diffusion of a locally uniform field into a
conducting body. In this case of the field of the magnetic
moment, the phase shift is equal to zero, the tangential
component is directed towards the radial coordinate (9),
reaches its maximum value at the points of the circle of
radius p = h/2 and is equal to

Hjmax = —6-0,5/\/0,52 +1=-1,717.

From the data presented in Fig. 3-5 it can be seen
that with an increase in the parameter &, that is, with
increase in the influence of the external electromagnetic
field non-uniformity during its diffusion into the
conducting half-space, the character of the field
distribution over the surface changes.

The tangential component of the electric field
(Fig. 3) is no longer zero and increases with the growth of
the parameter &. On the contrary, the tangent component
of the magnetic field strength decreases with increasing &.
At the same time, as can be seen from Fig. 4,b, the
dependence on the parameter ¢ of the phase shift has a
non-monotonic character.

For non-uniform field at the bounded thickness of the
skin layer, that is, in the case of & > 0, the normal
component of the magnetic field strength is no longer zero.
Note that even for the parameter & = 0.2, the normal

component becomes commensurate with the

tangential component ‘H;‘ and neglecting this field

component in simplified models can lead to significant
calculation errors. We also note that the normal component
of the magnetic field becomes insignificant at the distance
of p/h > 0.8. In the area p/h > ~0.8+1.0, the phase shift of
the normal component of field changes sharply by
approximately 180°. This means that in this area there is
change in the direction of normal component of field
compared to the direction in the area p/h < 0.8.

Note also that the magnetic field is elliptically
polarized. This is evidenced by the fact that, as can be
seen from Fig. 4,b and Fig. 5,b that the phases of the

mutually perpendicular magnetic field components H;

and H : are differ from each other.

Electromagnetic field of magnetic moment m,,
oriented parallel to the surface. In contrast to the previous
case of normally oriented magnetic moment, the magnetic
field of magnetic moment n = riyj¢ oriented parallel to the

surface of media interface is convenient to write in the
Cartesian coordinate system (x, y, z), the x and y axes of
which lie at the surface, and the x axis is directed along the
projection of the vector my to flat surface (Fig. 2). The

standard basis vectors of the coordinate system are (e,, e, ¢).
The external magnetic field of the considered
magnetic moment in the Cartesian coordinate system has

all three components
ez} .(11)

H mﬂ 2% - (z—h)2
4z r
After substituting (11) into expressions (3), (4), (6)
for the electric and magnetic field strengths at the surface
of media interface, we obtain

Hormj@

e, +
1”5 7

3xy x(z - h)
5

E"”: 1 P \/726'”[)(
M) (22_2 (5
m n+30 2x" -y (Z 1)2
yZ ( Jh n[—5_ 5 ] T15(12)
. \/— oz r r N
)/
m hn+36 (XYJ
ez [\/_} "\ 0
HH 47;132><
o (2322 (z-1p
—e, Zan { Jh"+3 n[ - +13(13)
. \/7 oz ” ” -
6() 3xy
gty
y \/7 "\ 220
i mH ) 2%61 {g_mJn+1hn+4a(ﬂ+1)[x(z_l)) (14)
adp = n \/7 P z=0.

In this case, the electromagnetic field at the surface
of the half-space is symmetrical about the x axis. The

components of the electric EHx and magnetic H\Iy field
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strengths have even symmetry, the components El\y s

H“x, H 1, of the electromagnetic field have odd
symmetry relative to the x axis.

An understanding of the electromagnetic field
formation can be obtained if we first consider the ideal
skin effect. In this case, it is sufficient to consider the
formation of a magnetic field only in dielectric medium.
The method of mirror images can be used to calculate the
magnetic field of the moment located above the media
interface. In the case of ideal skin effect, the general
solution of the problem for finding the magnetic field is
reduced to taking into account the current of the source
and mirrored from the surface of the contour with the
oppositely directed current [7]. This representation for
magnetic moments, in contrast to currents, is reduced to
the same direction of the tangential components and the
opposite direction of the normal components of the initial
m and mirrored m; moments [17] (Fig. 6,a).

z

AT

(]
)

Fig. 6. The structure of the magnetic field of the magnetic
moment located over half-space with ideal conductivity

The structure of the magnetic field of two equally
directed magnetic moments m; and m, (Fig. 6,b) is
convenient to analyze by defining critical points [19, 20]
at which the vector field is zero. Let’s find such points in
the vertical plane y = 0. The field component
perpendicular to this plane is zero H, = 0. Due to the
symmetry of the two magnetic moments, the field
component perpendicular to the x axis and directed along
the z axis is also zero H, = 0. It remains to find the zero
value of the H, component on the x axis. Both magnetic
moments have the same H, field components. As a result,
we get for this component

{3(m|")(r-ex)_m|'ex _

Hx:H.ex:Q’L

4r 4 r 3 -

r r

m| 3321 m 2x% — h?
) E(r_fr_z} T S

It follows from this that the critical points of the field
in the plane y = 0 are located at the points x = ih/ V2 of

the axis parallel to the direction of the magnetic moments.
These are critical points of the hyperbolic type (saddle) S,
through which the separatrixs pass — the field lines (shown
by bold lines), which separate areas with different character
of field formation. In Fig. 6, for clarity, magnetic field
lines are shown not only above the surface of the body, but

(15)

also in the area z < 0, where the field is absent in the case of
an ideal skin effect.

Figure 7 illustrates the dependence of the various
components of the magnetic field strength on the
coordinates at the plane and on the value of the small
parameter &, the difference from zero of which indicates
the influence of the bounded value of the penetration
depth of the non-uniform electromagnetic field. In all
figures, the dependencies for the ideal skin effect £=0 are
shown by bold curves.

a
2
&0
*'ﬁ
<1 A T
0.2
09 1 xh 2
C
2
e 04
¥ o ?
*IHI / W <
o 0.2
%9 1 yh 2 i) | xh 2

Fig. 7. Distribution of the tangential component of the magnetic
field at the media interface for the source m

As can be seen from Fig. 6,0, at g, = 0, the tangential
component of the magnetic field strength at the surface of
the body changes direction when passing through critical
points S. This feature of the field distribution is also shown
in Fig. 7,a. When g, > 0, when the eddy currents no longer
flow along the surface, but occupy a certain layer of finite
thickness, a general tendency to decrease the magnetic field
is observed. Here, the position of the critical hyperbolic
point practically does not change.

When moving away from the plane y = 0, the
longitudinal (parallel to the direction of the magnetic
moment) component of the magnetic field strength
decreases (Fig. 7,c). The zero value of this component
still exists. However, not all components of the field
strength are equal to zero at the corresponding points of
the surface when y # 0. The tangential strength
component perpendicular to the x axis will be different
from zero (Fig. 7,d). This feature is illustrated in Fig. 8.
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Fig. 8. Distribution over the surface of the modules of the
normal component of the magnetic field («) and the tangential
component of the electric field (b) for the source m
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The normal component of the magnetic field strength
(Fig. 8,a) remains insignificant compared to the maximum
value of the tangential component of the magnetic field
(Fig. 7,a). But in the area near critical points of the field,
the normal component becomes dominant.

The electric field strength under the external field of
the horizontal magnetic moment (Fig. 8,b) is comparable
in value to the electric field created by the action of the
magnetic moment oriented normal to the surface (Fig. 5).

Conclusions. From the presented results for both
the normally oriented magnetic moment and the moment
directed parallel to the media interface, it follows that
mathematical models with ideal skin effect at 5>0 have
a limited scope of application. In the case of non-uniform
field of external sources, when the field penetration depth
is commensurate with the distance between the source
and conducting body, it is necessary to use more correct
mathematical models for eclectromagnetic field.
Analytical approaches using the expansion of the field
into asymptotic series based on the introduced small
parameter & are convenient way of describing the
electromagnetic field.

The specific expressions found for the
electromagnetic field at the surface between the dielectric
and conducting half-space under the action of arbitrarily
oriented magnetic moment appear to be more general than
the use of closed contours with alternating current, since
they expand the types of considered external field sources
and allow the use of the superposition method instead of
integration over the whole contour.

In cases that allow the use of the conducting half-
space model with strong skin effect, specific expressions
for the field at the surface are found, which are completely
determined by the known field of external sources (in this
case, the field of magnetic moments). This significantly
simplifies the solution of the corresponding problems, since
there is no need to separately solve the field equations.

Further development of research can be aimed at
determining the field under the action of other types of
sources of a non-uniform external field, finding the
impedance boundary condition for such fields, and finally,
as a general program, spreading the applied approach to
systems with curvilinear surfaces of media interface.
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