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Mathematical modeling of rheostat-reactor start of wound-rotor induction motors

Introduction. Wound-rotor induction motors are less common compared squirrel-cage induction motors. However, they occupy a
significant share among electric drives with difficult starting conditions. Their advantage is obtaining a high starting
electromagnetic torque at lower values of starting currents. Problem. Due to the possibility of including different devices in the
rotor circuit, it is possible to shape the starting characteristics according to the needs of the technological process. Due to a
narrower range of applications of electric drives based on wound-rotor induction motors, they are less investigated. Selection of
parameters of starting and regulating devices, included in the rotor circuit, is carried out by simplified methods, which do not
satisfy modern requirements to regulated electric drives. Goal. The paper aims to develop mathematical models and methods for
calculating the dynamic modes and static characteristics of the wound-rotor induction motor with a reactor in the rotor circuit.
Methodology. In the developed algorithms, the mathematical model of the motor is presented by the differential equations made
for electric circuits in a system of orthogonal coordinates that allows excluding angular coordinate from equations of electric
equilibrium. The elements of the Jacobi matrix of equilibrium equations of motor circuits are eigenvalues, and mutual is the
differential inductances of electrical circuits, which are determined based on the magnetization characteristics of the main
magnetic flux and leakage fluxes of the rotor and stator circuits. Results. Mathematical models for the study of starting modes of
wound rotor induction motor allow to calculate transients and static characteristics and, on their basis, to carry out design
synthesis of starting reactors, which provide the law of change of electromagnetic torque during start-up operating conditions.
Originality. The mathematical basis of the developed algorithms is the method of solving nonlinear systems of equations by
Newton method in combination with the method of continuation by parameter. The developed mathematical models and software
made on their basis have high speed that allows to carry out high-reliability calculation of starting modes taking into account
saturation of a magnetic circuit of the motor. Practical value. The developed algorithms do not require significant computing
resources, have high speed, and can be used both for the design synthesis of start-control devices and control of the electric drive
in real time and to predict its course. References 25, figures 4.

Key words induction motor, wound rotor, reactor start, mathematical model, static characteristics, transients, magnetic core
saturation.

Po3spobneno mamemamuyni mooeni, memoou i aneopummu aHARizy NyCKOBUX PedtCUMi6 i CamuidHux XapaKkmepucmuk acuHxpoHHUX
08U2YHI6 3 PaASHUM POMOPOM. B pO3pOOIEHUX ANeopumMmax MamemMamuina Mooeib 08UeyHa NOOAHA OUPEPEeHYIaTbHUMU PIGBHAHHAMU,
CKNAOeHUMU OISl eNeKMPUYHUX KOHMYPI6 6 cucmemi OpmMOOHANbHUX Koopounam. Mamemamuunoro o0cHog8010 po3podIeHUx
aneopumMie po3paxyHky CMAmMuyHUX Xapakmepucmukx € po3g A3V6aHHs HeNHIUHUX cucmem CKIHYeHHUX PIBHAHb eneKmpUudHoi
pisnosazu memooom Hviomona 6 noeOnanHi 3 MemoooM HPOOOEICEHHA NO Napamempy, a HYCKOBUX PelCUMIs — 4uciose
iHMezpyBanHs HeNIHIUHUX cucmem Ou@epenyiaibHuUX pPIGHAHb eleKmpoMexaHiynoi pieHosacu. Enemenmamu mampuyi Axob6i 6
PO3POONICHUX ANCOPUMMAX € GIACHI | 83AEMHI OUpePeHYIaNbHI IHOYKIMUSHOCI eIeKMPUYHUX KOHMYPIE, K 6USHAYAIOMbCS HA OCHOBL
Xapakxmepucmux HAMA2HIYYBAHHA OCHOBHUM MASHIMHUM NOMOKOM, a4 MAKOMC NOMOKAMU PO3CIIO6AHHA KOHMYpie pomopa i
cmamopa, wo 0ae 3mozy 30iUCHIOBaMYU PO3PAXYHOK 3 YPAXY8AHHAM HACUYEHHS MASHIMONPo6ody 0eucyna. Pospobneni npoepamu i
aneopummu Maiomes BUCOKY WBUOKOOTIO | 0aioms 3M02y 30IUCHIO8AMU NPOSKMHUL CUHME3 NYCKOBUX aKMUGHUX | peaKmMUGHUX onopie
8 KO pomopa 3 Memoio 3a6e3neueHHs 3aKOHY 3MIHU eNeKMPOMASHIMHO20 MOMEHMY Ri0 4ac nycky, AKull @ionogioac pobomi
cucmemu enekmponpugoody 8 3a0aHuX MexHON02IYHUX YMOBAX, d MAKONC 30IUCHIOBAmMU MIKPONPOYecopHe Kepy8anhs 8 OUHAMIYHUX
peacumax. bibn. 25, puc. 4.

Knrouoei crosa: acHHXpOHHHUIA IBUTYH, (ha3HMIl POTOP, peaKTOPHMII IyCK, MATEMATHYHA MO/eJIb, CTATHYHI XapaKTePUCTHKH,
nepexiaHi mpouecu, HaCHYEHHs] MArHITONPOBOAY.

Introduction. The most common among electric
drives in industry, agriculture and household applications
are squirrel-cage induction motors (IMs). Their main
disadvantages are significant starting currents, which
exceed 5-7 and even more times the nominal values, as
well as a relatively small driving torque, which is
insufficient for many technological processes. In addition,
the direct connection of the motor to the network is
accompanied by significant pulsations of the
electromagnetic torque [1]. The development of start and
regulating systems of automated control, as well as
frequency converters has significantly expanded the scope
of use of squirrel-cage IMs. However, the problem of
starting the mechanisms of electric drives with difficult

In recent years, there has been a significant increase
in interest in wound-rotor induction motors due to the
expansion of the range of electric drives based on them,
and therefore there is a need to study them, including
mathematical modeling methods.

The starting properties of the induction electric drive
can be significantly improved by using wound-rotor IMs
[2], which, despite the higher cost compared with
squirrel-cage rotor IMs, thanks to modern electronic
control systems received a new impetus in development
and application for lifting and transport mechanisms,
conveyors, winches and other mechanisms with difficult
starting conditions. Increasing the starting torque is
achieved by connecting to the rotor winding of various

starting conditions needs further development and
improvement. © V.S. Malyar, O.Ye. Hamola, V.S. Maday, I.1. Vasylchyshyn
8 Electrical Engineering & Electromechanics, 2022, no. 3



devices. Rheostat is most often used for this purpose, the
active resistance of which can be changed discretely by
switching on or shorting its sections [2]. Due to the
increase in the active resistance of the rotor phases, the
critical value of the electromagnetic torque does not
change, and the critical slip increases with increasing
resistance of the rheostat. Therefore, we can achieve the
maximum value of the electromagnetic torque when
sliding s = 1.0. This property is used to start the motor at
torque of resistance exceeding the rated value of the
starting torque. This reduces the starting current and
increases cosg [1, 2]. However, unsuccessful selection of
the value of the additional resistance in the rotor circuit
leads to a decrease in the starting electromagnetic torque.
By changing the additional resistance in the rotor circuit,
we can adjust the speed of rotation of the rotor down from
the main one, although this method of regulation is
uneconomical.

To ensure smooth acceleration during start, in
addition to the active resistance, the inductance of a
special design is sometimes included in the rotor circuit
[3-8]. The inductive element can be connected both in
series to the active one (Fig. 1) and in parallel. The
reactor allows to provide smooth acceleration of the
electric drive with a small number of sections of the
rheostat, i.e. essentially acts as an automatic current
regulator in the rotor and under certain conditions can
ensure constant torque of the motor during start. As a
result, the rotor current decreases more slowly than if
there is only active resistance. In the case of a parallel
connection between a resistor and an inductive coil at
the beginning of the start, when the frequency of the
current in the rotor is high, the current is mainly closed
through the rheostat, which provides a sufficiently large
starting torque. As the frequency decreases, the
inductance decreases and the current is shorted through
the inductive element.

Fig. 1. Diagram of IM with a starting reactor
in the wound-rotor circuit

The choice of a rational way to connect the active
and inductive elements and their parameters can be made
by mathematical modeling, the reliability of the results of
which is determined by the adequacy of the mathematical
model. In addition, to automate the process of IM start
with the help of programmable microcontrollers, it is
necessary to have analysis software that has a sufficiently
high speed, does not require a significant amount of
computation. Therefore, the development of methods and
algorithms for calculating the starting processes in
wound-rotor IMs is an urgent task.

Analysis of recent research. The task of developing
an algorithm for starting equipment operation requires
determining the laws of change of starting currents and
electromagnetic torque during start. To do this, it is
necessary to have appropriate mathematical models for
calculating static characteristics, as well as dynamic
modes, in particular transients, taking into account the law
of change of the torque of loading. They are based on
mathematical models of motors which determine the
accuracy of the results of mathematical modeling, as well
as computational methods that serve as a mathematical
basis for obtaining calculation results and on which the
speed of developed software depends.

Most methods of analysis of steady and dynamic
modes of operation of squirrel-cage IMs are developed
using substitution circuits with constant parameters,
which are mostly used in known mathematical application
codes. This approach is also applied to the development
of mathematical models based on wound-rotor IMs
[3-14]. Although such motors do not need to take into
account the displacement of currents in the rotor winding
due to the absence of the skin effect, the influence of
scattering fluxes on the course of processes is significant
[9]. The analytical method of calculating static
characteristics in the phase coordinate basis developed in
[13] makes it possible to consider asymmetric and non-
sinusoidal processes, but the inductive parameters are
assumed to be constant.

The saturation of the magnetic cores of modern
motors causes nonlinear dependencies of the flux linkages
of circuits on currents, so mathematical models developed
on the assumption of linearity of electromagnetic
connections do not provide the ability to calculate
dynamic modes with the required accuracy. The
linearization of electromagnetic connections in the
vicinity of the operating point [6] does not solve the
problem, because in a real machine the saturation varies
widely, and therefore it is a priori impossible to
determine.

In recent years, there have been models that take
into account the saturation by only the main magnetic flux
[11-14]. This significantly increases the accuracy of the
calculation, however, these models are not accurate
enough for the analysis of dynamic processes [13, 16, 17],
because, as noted in [9, 24] studies must take into account
the effect of magnetic saturation not only on the main
path of the magnetic flux, but also on the paths of
scattering fluxes, the influence of which on the course of
processes is decisive. In [15] an experimental procedure
for determining the parameters of the machine was
adopted, but it is too expensive and impossible to do at
the design stage.

To form the necessary mechanical characteristics of
the wound-rotor IM, programmable microcontroller
starting systems are used [3, 23, 24], the programming of
which requires appropriate preliminary research by
methods of mathematical modeling. Advances in starter
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switching, electronic processing, and microprocessor
control require robust control algorithms based on
appropriate controller software.

Reliable information about the course of processes
during start can be obtained only with the help of highly
developed mathematical models of IMs, which adequately
take into account the saturation of the magnetic core.
Since the methods based on the calculation of the
magnetic field [20] due to bulkiness are not suitable for
controlling the process of IM start in real time, the
optimal in terms of accuracy and complexity are circuit
methods [18, 21, 23], in which electromagnetic
parameters are calculated based on characteristics of
magnetization of the motor magnetic core [25]. Software
developed on their basis does not require significant
computing resources, allows to perform calculations in
real time and uses them to automate [24] both starting and
other dynamic modes.

The goal of the paper is the development of
mathematical models, methods for calculating static
characteristics and dynamic modes of wound-rotor
induction motors with various parameters of the starting
device in the rotor circuit.

Presentation of main material. An important issue
in the development of mathematical models of electric
drives is their complexity and speed, which is crucial in
the case of their use to control the process in real time.
Therefore, it is important to choose the coordinate system
to describe the electromagnetic connections in the IM,
which depends on both the amount of calculations and the
accuracy of the calculation results.

Most of the practically important problems of
mathematical modeling of processes in IMs can be solved
using transformed coordinate systems, which are based on
the theory of image vectors [1, 18]. The calculation
algorithms described in the paper use a system of
orthogonal axes x, y [25], which rotate at arbitrary speed.
For symmetrical modes of operation of the IM, it has the
lowest amount of calculations and a fairly high accuracy
of the calculation results.

Electromagnetic processes in the wound-rotor IM in
the x, y axes are described by a system of four differential
equations (DEs) of electrical equilibrium

dy .

d;x =00 sy ~ Tglgx T Ugys
dyy ,

d =m0 sx ~ Tlsy T Ugys O
dy .

dtrx = SOy yy _(rr +rp}rx;
dy .
d_;y:_sa)ol//rx _(rr +rp)l >

where Wi, Weys Wins Wiys sws Dsys i By are the flux linkages
and currents of the converted circuits of the stator
(index s) and rotor (index r); r, r. are the active
resistances of these circuits; 7, is the resistance of the

rheostat phase in the rotor circuit; @, is the cyclic
frequency of the supply voltage; s is the rotor sliding.

In equations (1), the parameters of the rotor winding
are reduced to the stator winding according to the
generally accepted method [19]. In addition, we will
consider the image vector of the stator winding voltage

U aligned with the x-axis, i.e. we take u,, = U,, and
ug, = 0.

To calculate the process of the IM start, it is
necessary to supplement the DE system (1) with the

equation of rotor dynamics:

% = _Jp_a(jo(%po (‘//sxisy - l//syisx)_ Mc(t)j . @
where p, is the number of pole pairs of the IM; J is the
reduced to the motor shaft moment of inertia of the
electric drive system; M., is the torque of loading on the
motor shaft.

The DE system (1) together with (2) makes it
possible to calculate the transient during the IM start. To
do this, it is necessary to integrate it numerically under
zero initial conditions, calculating at each step of
integration the matrix of differential inductances as
elements of the Jacobi matrix and the vector of flux
linkages [25].

The flux linkage of each circuit consists of flux
linkage with the main magnetic flux and with the
scattering fluxes, and the flux linkage of the scattering of
the stator circuits and the rotor circuits are mutually
independent. Therefore, in order to take into account the
inductance of the reactor in the rotor circuit, the equations
for flux linkages of the rotor circuits can be represented as

Vie =Wsx T (LOT +Lp)'lrx 5
Yy :‘/’&y+(Lov'+Lp)'iry’

where s, Vs, are the flux linkages of the respective
rotor circuits due to the main magnetic flux; L, is the
scattering inductance of the rotor circuits, which is
determined from the magnetization characteristics of the
scattering fluxes of the rotor winding, calculated on the
basis of the geometry of the motor magnetic core [19]

‘//or:V/or(lr); L =Alx Ty s 3)

where L, is the inductance of the reactor in the rotor
circuit, which is determined by the appropriate design
formulas.

It is impossible to choose the parameters of the
reactor and code the starting and regulating device based
on the calculation of the transient. This problem requires
the calculation and analysis of static characteristics, which
can be calculated using equations (1) of electrical
equilibrium. Having chosen on the basis of calculation of
static characteristics resistive and inductive parameters of
the starting device and the law of their change according
to time dependence of the torque of loading M. = M(?),
we carry out calculation of time dependencies of

10
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coordinates by numerical integration of nonlinear DE
system (1), (2).

Consider the algorithm for calculating static
characteristics. In the steady-state mode of IM operation
sliding s, the DE system of electromagnetic equilibrium
(1) is reduced to a system of nonlinear algebraic
equations, which in order to present the algorithm for
calculating the steady-state are written in the form of the
vector DE

Q()7 (ixy )): Qxyqjxy + ny —xy - ny > (4)

where ‘ny = (l//sxal//sy 7‘//rx’l//ry)* > [xy = (iswllb‘)nir)wiry)K >
U = (U m ,0,0,0)* are the vectors of flux linkages, circuit

currents and voltages applied to them;

0 0 0
0 r 0
Ro=lo 0 r+ P, 0
0 0 0 ntr,

is the matrix of active resistances of circuits;
[0 —@y O 0
wy O 0 0
P70 0 0
0 0
is the auxiliary matrix in which wj is the cyclic frequency
of supply voltage.

— Sy

say 0

Since the flux linkage vector \i’xy is determined by a

set of circuit currents, unknown in the system of finite

equations (4) is the current vector I + » Which can be used

to determine the flux linkage, electromagnetic torque, etc.
Since equation (4) includes the coordinates U,, s, 1, L,,
we can assume that the vector of currents is a function of
these coordinates

Ly = IXy(ny’S”’p’Lp)'
Equation (4) makes it possible to investigate the
influence of each of these coordinates on the value of the

current vector I, i.e. to calculate the multidimensional

Xy 2

static characteristic as the dependence of the current
vector components on a given coordinate. To do this, we
must change this coordinate within the specified limits as
a parameter, leaving the others unchanged. Obviously,
here there is a problem of solving nonlinear systems of
finite equations, and since system (4) is nonlinear due to
the saturation of the magnetic core, it can be solved by
one of the numerical methods, in particular, Newton
method.

According to Newton iterative method, the (k+1)-th

approximation of the vector Y is determined by the
formula

plk1) 2 p6) L A7 (k) (5)

where AY* is the increment of the vector Y% , which at
each step is determined from a linear system of equations

ar®) =57 (6)
in which Q(f (k )) is the value of the residual vector Q at

Y=Y (k) ; J s the Jacobi matrix of vector function (4).

Due to the fact that the flux linkages of the IM
circuits consist of flux linkages due to the main magnetic
flux ;s and scattering flux linkages y, together with the
flux linkage , of the reactor

Y 5x = OOY s + Xoslsys
WY sy = DY 5, + xosisy;

DY yx = Q¥ 5 + <x0'r +Xp }rx; @
Wy = O 5, + (xo., +x, )i,y;
the Jacobi matrix is determined by the formula
J=Xs+Xs+Ry> (®)
where
Xsysx Xsysy Xsyrx Xsyry
~Xoxsx T Xsxsy ~Xoxrx T Xsxry
Xs= 5
Sx}’ySX erysy eryr X eryl‘y
- erysx - erxsy = SXpxrx T erxry
Xos 0 0 0
— 0 —xu 0 0
Xo = 0 0 s(xo_, + xap) 0
0 0 0 - s(xOT + xop)

As can be seen from (8), the elements of the Jacobi
matrix are the own and mutual differential inductances of
the IM circuits. They are determined according to [25]. In
addition, to calculate the electromagnetic torque, it is
necessary to determine the flux linkage of the circuits in
accordance with the selected coordinate system.

Newton iterative method has quadratic convergence,
but requires an initial approximation, which lies
around attraction. The following algorithm is used to
determine it.

Given the value of sliding s = 1.0 and the parameters
r,, L, equal to zero, we increase in 5-10 steps in
proportion to the parameter & (0 < & <0) from zero to the
nominal value of the applied voltage U = &U,,. This makes
it possible to ensure the convergence of the iterative
process at every step. The resulting value of the

components of the vector fxy serves as the initial

conditions for calculating the static characteristics. Given
a number of sliding values s of the rotor, we can obtain a
multidimensional static characteristic in the form of the
dependence of the coordinates on the sliding. However,
the calculation of any static characteristic can be done by
a differential method. To do this, we differentiate
equation (4) by one of the coordinates (1=s, r,, L,) as a
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parameter of the required characteristic. As a result, we
obtain the DE of the argument A

Jdlxy =@
di o1’

in which the Jacobi matrix is the same as in (6).

Equation (9) for different independent coordinates of
the static characteristic differs only in the vector of the
right parts. In particular, for the coordinates s, r,, x, they
have the form

)

0
O B P O A
s DYy ©oor » —de | axp ="
— WY rx _i”J’ _i”y

As a result of integrating the nonlinear DE system
(9) by one of the numerical methods on s we obtain a
multidimensional characteristic in the form of
dependencies of the set of coordinates of the vector

I xyon the chosen independent coordinate, using which

we obtain dependencies of flux linkages, electromagnetic
torque and so on.

Figures 2—4 show examples of calculation of the static
characteristics of the wound-rotor IM (Py = 250 kW,
U=380V, =263 A, ny= 1000 rpm).
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Fig. 2. Dependencies of current (I') and electromagnetic torque
(M,") in relative units on the active resistance in the rotor circuit
when sliding s = 1.0
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Fig. 3. Dependencies of relative values of current (I*) and
electromagnetic torque (M,") at s = 1.0 on relative
value x, = X,/ x5 of inductance in the rotor circuit
and different values of the multiplicity of the active reactance

of the reactor:
a)—1.0; b)—10.0
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Fig. 4. Static starting characteristics with three values
1 of inductance in the rotor circuit and two relative values
* of active resistances:
05 I a)-3.9; b)-11.7
M* E_—_—_—_— . Presented curves serve only as an illustration of the
i g Xy possibility of developed calculation algorithms. It is
10 an 30 40 obvious that, having chosen one of the parameters of the
a starting and regulating device, it is necessary to calculate
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the mechanical characteristic, and each value of active
resistance corresponds to its mechanical characteristic,
which in turn depends on the inductance of the reactor.
Since the resistance of the inductive coil depends on the
frequency of the current in the rotor, which is variable
during start, its correctly selected parameters have a
positive effect on the value of the starting current,
automatically reducing its value.

Conclusions.

Unlike squirrel-cage induction motors, less attention
is paid to wound-rotor motors in the technical literature,
although the wound rotor allows for more diverse
mechanical characteristics, which is important for electric
drives with difficult starting conditions.

The calculation methods developed in the paper
allow utilization of mathematical modeling methods to
analyze static starting characteristics and transients of
wound-rotor IMs with different laws of regulation of
starting device parameters in rotor winding in order to
provide the necessary law of electromagnetic torque
change.

The calculation code is based on a mathematical
model of the IM, which uses the real characteristics of the
magnetization by the main magnetic flux and the
scattering fluxes of the stator and rotor windings, which
allows to adequately take into account the saturation of
the magnetic core which ensures the accuracy of the
calculation results.

The described methods of calculation of modes and
characteristics in orthogonal coordinate axes x, y allow to
perform modeling with a minimum amount of
calculations and, accordingly, the cost of CPU time,
which allows to use them to control the electric drive
system in dynamic modes in real time.

Conflict of interest. The authors of the paper state
that there is no conflict of interest.
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