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PENETRATION OF NON-UNIFORM ELECTROMAGNETIC FIELD
INTO CONDUCTING BODY

The study is based on the exact analytical solution for the general conjugation problem of three-dimensional quasi-stationary field at
a flat interface between dielectric and conducting media. It is determined that non-uniform electromagnetic field always decreases in
depth faster than uniform field. The theoretical conclusion is confirmed by comparing the results of analytical and numerical
calculations. The concept of strong skin effect is extended to the case when penetration depth is small not only compare to the
characteristic body size, but also when the ratio of the penetration depth to the distance from the surface of body to the sources of the
external field is small parameter. For strong skin effect in its extended interpretation, the influence of external field non-uniformity to
electromagnetic field formation both at the interface between dielectric and conducting media and to the law of decrease field in
conducting half-space is analyzed. It is shown, at the interface the expressions for the electric and magnetic intensities in the form of
asymptotic series in addition to local field values of external sources contain their derivatives with respect to the coordinate
perpendicular to the interface. The found expressions made it possible to generalize the approximate Leontovich impedance
boundary condition for diffusion of non-uniform field into conducting half-space. The difference between the penetration law for the
non-uniform field and the uniform one takes place in the terms of the asymptotic series proportional to the small parameter to the
second power and to the second derivative with respect to the vertical coordinate from the external magnetic field intensity at the
interface. References 25, figures 8.
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Hocnidocenns 3acnosane nHa mouHOMY AHATIMUYHOMY PO36 A3KY 3A2ANbHOI 3a0aUl CNPAICEHHS MPUBUMIDHO20 KEAZICMAYIOHAPHO20
NOSL HA MedHCi pO30iny JieleKMpUYHO20 i e1eKmponpo8ioHoeo cepedosuwy. Bemarnosneno, wo neoonopione enexmpomachimue nosne
3a62COU 3MEHULYEMBCA 8 2AUOUHI weudule, Hixe 00Hopione. Teopemuunull 6UCHOBOK NIOMBEPOANCYEMBCA 3ICMABTIEHHAM Pe3yTbMamis
AHATTMUYHUX | YUCEeNbHUX pO3paxynkie. Ilonammsa cunbho2o CKin-eghekmy ROWUPIOEMbCA HA 8UNAOOK, KOU 2AUOUHA NPOHUKHEHHS
Mana nopisHAHO He MINbKU 3 XAPAKMEPHUMU PO3MIPAMU MINA, ale MAKONC KOAU GIOHOWEH s 2AUOUHU NPOHUKHEHHS 00 8i0CMAHI i0
NOBEPXHI Mia 00 0Jicepel 306HIUHbO20 NOJISL € MATUM NAPAMemPOM. /[ CUTbHO20 CKIH-egheKmy 6 1io2o po3uiupeHoi inmepnpemayii
NPOAHANI308AHO GNIUE HEOOHOPIOHOCMI 308HIUHLO20 NONL HA (POPMYSAHHS €eKMPOMASHIMHO20 NOASA HA MEJXCI [ HA 3aKOH
3MeHWeHHA NoasA 8 NPosioHomy nienpocmopi. Ilokazano, wo na medci supasu y @uensadi acuMnmMOmMudHUX paoie Kpim JOKANbHUX
3HAYEeHb NOAA 306HIWHIX 0dcepen MICmAmMb iX NOXiOHI NO KOOpOuHami, nepneHOUKyIapHoi epanuynoi nosepxui. Ompumani eupasu
003601UNU Y3A2ANGHUMU HAOIUNCEHY IMNEOAHCHY 2PaHuyHy ymosy Jleommosuua 011 Oughysii HeoOHOPIOH020 NOAsA 6 NPOBIOHUI
nignpocmip. BiOominuicme 3aKoHi@ NPOHUKHEHHS 051 HeOOHOPIOHO20 | 0OHOPIOHO20 NOIG MAE Micye 8 UNeHAX ACUMIMOMUYHO2O
PAOY, NPONOPYILIHUX MATOMY napamempy 6 opyeomy CmyneHi i Opyeiti noxXiouii no 6epmMuKAIbHill KOOPOUHAMI 6i0 HANPYIHCEHOCHI
308HIUNBLO2O MAHIMHO20 NOAA Y epanuynil nogepxui. bidmn. 25, puc. 8.

Kniouoei crnoea: TpuBHMipHe e1eKTPOMArHiTHe moJe, ()OPMYBaHHS €JIEKTPOMATHITHOIO IOJIsl, TOYHUN PO3B’A30K 3ajAadi,
ckiH-edekT.

Hccnedosanue ocno6ano Ha MoYHOM AHATUMUYECKOM peuteHuu obweti 3a0auu CONpAXCeHUs MPEeXMEPHO20 KBASUCAYUOHAPHO2O
noas Ha epanuye pazoena OUINIEeKMpuiecKol u npogooaujell cped. Ycmanosneno, ymo HeoOHOPOOHOe INeKMPOMAZHUMHOE NoJie 6ce-
2oa ybvisaem no enybutne bvicmpee, uem 00HOpoOHOe. TeopemuuecKuil 6618600 NOOMBEPIHCOAEC CONOCMABIEHUEM PE3VTbIMAMO8
AHATUMUYECKUX U YUCTEHHbIX pacyemos. TIoHAmue CuibHo20 CKUH-3)peKma pacnpocmpanaemcs Ha cayua, Ko2oa 2iyouna npo-
HUKHOBEHUSL MANLA NO CPABHEHUIO HE MOJIbKO C XAPAKMEPHbIMU PA3MePaMu meid, HO mMakice Ko20d OMHOweHUe 21yOuUHbl NPOHUKHO-
6€HUsL K PACCMOAHUIO OM NOBEPXHOCMU Med 00 UCMOYHUKOS BHEUHE20 NS AGNAEMC MALLIM nApamempoMm. [list CUIbHO20 CKUH-
aexma 6 e2o pacuiupeHHol UHMepPnPemayuu NPOAHATUZUPOSBAHO GIUSAHUE HEOOHOPOOHOCMU GHEWHE20 NOISL HA (OPMUPOBaHUe
SNEKMPOMASHUMHO20 NOJAL HA 2PAHUYE U HA 3AKOH YObIBAHUS NOJIA 68 NPposodsujem nonynpocmparcmse. Tlokazano, umo Ha epanuye
BbIPAdICEHUS 8 8UOE ACUMNIMOMUYECKUX PAAOS O HANPANCEHHOCMel Noaetl NOMUMO JOKANbHBIX 3HAYEHUL NOA GHEUWHUX UCTOYHU-
KO8 CoOepatcam ux npoussoo0nsle No KOOpOuHame, nepneHOUKyIAPHOU epanuynol nogepxnocmu. Tlonyuennvle uipadicenus nO360MUIU
0600wumMeb NPUOIUIICEHHOE UMNEOAHCHOe epanuytoe yciosue Jleonmoguya s Oupghysuu HeoOHOPOOHO20 NOJsi 8 NPOBOOsUee No-
qynpocmpancmeo. Omauyue 3aKOH08 NPOHUKHOSEHUsL Ol HEOOHOPOOHO20 U OOHOPOOHO20 NOJEl uMeem Mecmo 8 YieHax ACUMNmo-
MUYECK020 paod, NPONOPYUOHALLHBIX MATIOMY NAPAMempy 60 6MOpPOll CMeneHu U 6Mopotl NPOU3EOOHOU NO BePMUKAHOU KOOPOU-
Hame om HANPANCEHHOCMU BHEUIHe20 MASHUMHOZ20 NOJA Y 2PAHUYHOU nogepxnocmu. bubi. 25, puc. 8.

Kniouesvie cnosa: TpexmepHoOe 3JIEKTPOMATHHTHOE TMoJie, (opMUpoBaHHMe 3JIEKTPOMATHHTHOTO MOJs, TOYHOE PpelleHHe
3ajga4M, CKHH-3QPeKT.

Introduction. The interaction of electromagnetic
field with conducting medium is the subject of study in
many technical and electrophysical applications.
Examples include equipment for high frequency induction
heat treatment of metals [1-3], installations for processing
of metals under the action of high intensity
electromagnetic field and high density currents [4-6],
devices for -electromagnetic forming or high-speed
forming technology using pulse magnetic field [7-9]. A
strong skin effect occurs in conducting elements of this

equipment, in which the current and electromagnetic field
are concentrated in a thin skin layer. The features of the
electromagnetic field penetration into a conducting body,
including its decrease in depth, depend not only on the
electrical conductivity, the relative magnetic permeability
of the medium and the field frequency, but also on the
geometric properties of boundary surfaces and the
character of the field distribution at the surface. Also, in
the mentioned devices the wavelength of the
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electromagnetic field is usually much larger than any
characteristic dimensions of the system and the processes
can be considered quasi-stationary, in which wave
phenomena can be neglected.

These two circumstances determine the main
limitations — it is considered the formation of a quasi-
stationary electromagnetic field in systems with strong
skin effect. Under the indicated limitations as it note in
[10], the use of simplified approaches to the calculation of
specific problems, and their use in the development of a
number of numerical methods are of methodological and
practical importance. Despite the long history of
development, the study of the formation of
electromagnetic field with strong skin effect remains an
actual task.

Approximate calculation methods are often used to
determine the electromagnetic field with strong skin
effect. For body of infinite conductivity the penetration
depth is equal to zero 6—0, and it is sufficient to use a
mathematical model in which the tangential component of
the electric field intensity and the normal component of
the magnetic field intensity are equal to zero at the
surface of the conducting body [11, 12]. The finite
penetration depth is taken into account in approximate
mathematical models using the concept of the impedance
boundary condition formulated by M. Leontovich [13]. It
is assumed that locally the electromagnetic field
penetrates into a metal body in the same way as a uniform
field penetrates into a conducting half-space. The local
values of the electromagnetic field at the interface
correspond to the model body with perfect conductivity.

Based on the perturbation method, it became
possible to calculate the fields inside and outside of
conductors with a curved surface [14]. Using integral
equations for curved surfaces, the solution of the problem
in the second-order approximation was obtained in [15].
The expansion in a power series in a small parameter
proportional to the depth of field penetration includes the
Leontovich condition as a first-order approximation. The
field penetration depth for such conductors dependents on
the average surface curvature [16]. For curved
conductors, first- and second-order corrections to the field
distribution corresponding to the diffusion of uniform
field into conducting half-space are found in [17].

The concept of surface impedance makes it possible
to use it in modeling problems of electrodynamics, taking
into account the geometric and physical properties of real
boundary surfaces. Detailed results of research in this
direction are given in a number of reviews. For example,
in [18] the experience of many years of research on the
application of the impedance approach in mathematical
modeling is systematized. The article describes the types
of structures for which methods of theoretical
determination of the values of surface impedances are
known. The generalized boundary conditions for the
analytical determination of the electromagnetic field
characteristics at the interface between media with two-
dimensional inhomogeneities are analyzed in [19]. A
comprehensive analysis of studies of the skin effect in
problems of electrodynamics is presented in the book [10]
where, among other things, the systematic method for
constructing boundary conditions of any order based on a

perturbation approach is considered, general approaches
to the numerical methods application are formulated such
as the boundary integral equations method, the finite
element method, and the finite difference method, and
also specific examples of calculations are presented.

In most of the cited papers, mathematical models of
the diffusion of non-uniform electromagnetic field are
limited of a small penetration depth value or insignificant
field non-uniformity at the body surface. The exact
solution of the problem of the diffusion of non-uniform
field into conducting half-space is presented in [17] for
the specific case of a field created by a thin rectilinear
conductor with a current directed parallel to the interface
between the media. The exact solution made it possible to
justify the limitations under which the impedance
boundary condition is valid for the considered non-
uniform field.

In [20], we obtained a complete analytical solution
to the problem of the penetration of a three-dimensional
quasi-stationary electromagnetic field created by external
sources in the form of current contours of arbitrary
configuration located near conducting half-space. There
are no restrictions on field non-uniformity in the obtained
solution. For the same mathematical model, an analytical
solution is found for the electromagnetic field also in the
dielectric half-space [21]. The exact solution made it
possible to obtain some justified results of the
electromagnetic field formation. In particular, the main
property is that in a conducting half-space the current
density and electric field intensity do not contain
components perpendicular to the boundary surface for any
system of initial currents and arbitrary dependence of
currents on time. In addition, in a short report, it is noted
as a general property that a non-uniform electromagnetic
field is decreased in a conducting medium faster than a
uniform field [22]. Analytical expressions are also
obtained for the field intensities at the interface between
the media, consequence of which is the generalization of
the Leontovich approximate impedance boundary
condition to the case of penetration of a non-uniform
electromagnetic field into conducting medium [23]. The
cited works contain separate parts of the problem of non-
uniform field penetration into a conducting medium and
do not sufficiently represent the solution of the problem
for an arbitrary three-dimensional quasi-stationary
electromagnetic field and for any properties of the media.

The purpose of this work is to generalize the results
of studying the penetration of a three-dimensional non-
uniform electromagnetic field into conducting half-space,
which unlike many well-known studies, is based on exact
analytical solution of the problem for an external field
created by sources in the form of an arbitrary system of
contours with alternating currents without restrictions on
the properties of the media and the field frequency. The
following objectives are to achieve the aim: substantiation
of the consequence that a non-uniform electromagnetic
field decreases in depth always faster than an uniform
field; investigation of the distribution of a non-uniform
electromagnetic field at the interface between dielectric
and conductive media; estimation of the influence of field
non-uniformity on its distribution in the skin layer in the
case of strong skin effect.
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Mathematical model and analytical solution of
the three-dimensional problem. The present work
differs from most of the previous studies in that it is based
on a complete analytical solution of the three-dimensional
problem of the electromagnetic field in an enough general
formulation [20, 21] and this allows to obtain a number of
substantiated general consequences. Note that numerical
methods, which also make it possible not to limit the
penetration depth, presuppose a specific formulation of
problems, and conclusions usually do not go beyond the
performed calculations.

Mathematical model for a single contour with
current. The analytical solution is obtained for the linear
problem of conjugation at a plane interface between
dielectric and conducting media of the three-dimensional
quasi-stationary field. The solution satisfies Maxwell's
equations and boundary conditions including the equality
of the normal components of the conduction current
density in a conducting medium and the displacement
current density in a dielectric medium. It is based on the
well-known analytical solution of the problem for an
emitting current dipole near the interface. A closed
contour / located in a nonconducting nonmagnetic
medium with a relative dielectric permittivity &,, without
loss of generality, was represented by a serial system of

dipoles with a constant initial current [, along the

contour. A conducting body is modeled as a half-space
with electrical conductivity » and relative magnetic
permeability g, in which eddy currents are induced.

The element of the external current contour is shown
in Fig. 1 as a segment of curve in the upper half-space
z> 0. The position of the field source point on the contour
M relative to the observation point Q is determined by
vector r. The axis z is oriented perpendicular to the
interface surface in the direction of the single vector e..
For an arbitrary spatial contour, the unit tangent vector to
the contour ¢ = ¢, + ¢, has nonzero projections onto the
vertical direction ¢, = (f-,)e; and onto the interface
between the media ¢, = ¢ — (t-e.)e..

[

€, (Yo =0, 1o =1) M;

Y, K
Fig. 1. Element of arbitrary spatial contour / with current jo
located near conducting half-space

For the system wunder consideration all
characteristics of the electromagnetic field in conducting
and dielectric media are found in the form of expressions
for the complex-value amplitudes of the vector and scalar
potentials, the intensities of the electric and magnetic
fields. (Complex-value amplitudes we will mark with a
dot over the corresponding symbols). Since the linear

problem is considered, it can easily be extended to the
general case of an arbitrary external field created by the
corresponding system of current contours and to an
arbitrary dependence of currents on time /o(f) using the
Fourier transform.

Electromagnetic field in conducting half-space. The
expression for electric intensity in conducting half-space
at point O(p,6,z) is the following [20]

Holy .
ol 21wf[t|7“1(p,9,z)+(t-ez)epTz(p,Q,z)]dl, (1)

Ei:_

where o is cyclic frequency, i is imaginary unit, g4 is
permeability of vacuum. Here the local cylindrical
coordinates (p,6,z) with its unit basis vectors (e,, e4 e.)
are used (Fig. 2). The center of the coordinate system is
located at point M, intersection of the vertical axis with
the interface. The angle € is defined relative to the axis
directed along the unit vector ¢; = #/|#|. The values of
local coordinates depend on the position of the source
point M during integration along the contour.

The functions 7(p,6z) and Tx(p,6z) in (1) are as
follows

@pm%ng
w(9)

,0,9 z)= Texp
0

2

7 \wp 9231 M1 (9p)
p,6’ z Iexp W(S) I,

0
where ¢ = \132 + p2 , P =.iouuyy is propagation

constant, w(:9) = & + q/u, Jo(-) and Ji(-) are Bessel
functions of the first kind of zero and first orders. Since
the decrease of the field with respect to depth is
considered, the functions that depend on the coordinate z
are distinguished by a separate factor in (2).

Z4

M

Mo

A

J'Q(p,e,Z)

Fig. 2. Geometric parameters for determining the values of the
electromagnetic field intensities at the point Q(p,6,z) in
conducting half-space z <0

The expression for the magnetic field intensity H i
in conducting half-space follows from the Maxwell
—iwppgH

%Fﬂwz}hw] }( %}ﬂa)

As follows from (1), the projection of the electric
field intensity to the direction perpendicular to the plane
interface between the media is always equal to zero

E;-e,=0. On the other hand,

equation Vx E =

: i
H, _ Holo
4mu 1

in this medium all
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components of the magnetic field intensity in the general
case can have nonzero values.

To study other general features of the electromagnetic
field formation associated with the penetration of non-
uniform field into conducting half-space, it is advisable to
introduce dimensionless parameters, whose values are due
to the form of expressions (2). In this case, we use

dimensionless integration variable y =9 y/ ouuyy
pz= x/Z % , Where

5 =1/Re(p)=/2/(@uuyy) is the penetration depth of a

uniform field into conducting half-space [24]. As a result,

the functions N(p,0,z) =— fl( ﬂ] and

and take into account that

T (p,0,z) = —fz( ,Bj will be expressed in terms of

dimensionless parameters where

exp| — f np
ﬁ[g»aﬁj‘zK((zs’Z]' d 7‘0211(11)0(158 jM’(zt)
0 €X] _M ISinﬁ
o)l

here the parameter &= uo / x/ErS is proportional to the

ratio of the penetration depth d'to the distance rg from the
field source at a point M on the contour to the body
surface at a point Oy (Fig 2). The denominator w;(y) in
the integrands (4) is written as

(6)

Expressions (1) and (3) describe the penetration of
the electromagnetic field of arbitrary contour with current
into conducting half-space and in the general case they
differ from approximate description of the penetration of
uniform field. Both the values of the intensity of the
electric and magnetic fields on the boundary surface z =0,
and the law of their decrease depending on the coordinate
z are differed. Usually, in approximate models, the initial
value is the tangential component of the magnetic field

intensity HT at the boundary, the local value of which

for a body of arbitrary shape is found from the solution of
the external problem under the assumption of the perfect
skin effect >0 [11]. The local value on the body surface

H
penetration into conducting half-space is described by the

. is taken as the value of the uniform field. Its

known distribution of the electric E; and magnetic H;
E =Ee” H =He" [24]. The field
vectors are related by the Leontovich approximate

intensities:

impedance boundary condition ET :g[ez x H |, where

the surface impedance ¢ =./iouuyy /}/ in this case

connects the values of the field vectors not only at the
interface between dielectric and conducting media

E.,H,, but also in the entire conducting half-space
E i» H i In the
electromagnetic field penetration, expressions (1) and (3)
show the difference both from the values of the electric

general case of non-uniform

E, and magnetic H, intensities at the boundary surface

with perfect skin effect, and the law of their decrease
depending on the coordinate z.
Electromagnetic field in dielectric half-space. The

expressions for electric E, and magnetic H, intensities

in dielectric half-space where the current contour is
located are determined by single function G, [21]

E,=E,+E+E;=—io Oloﬁ{——e x[tleGe]Jdl’(7)

',13

HHHH§[ _tlxv[ageﬂdz ®)

where function G, using dimensionless values are
determined by following improper integral

wexp(— xcosfy }Io(lsinﬁlj
G—Zj d gy )
Wl(Z)

The geometric quantities included in expressions
(7) = (9) are shown in Fig. 3. The elements td/ of the
initial contour and #d! of the mirror reflection contour
relative to the interface are located at the points M and M,
respectively. Projections of tangent vectors onto the
vertical axis are equal in absolute value and opposite in
their direction (#. = — ), and the projections # and ¢
onto the plane of interface between media are equal in
their lengths and directions tlH = t\l’ ie. t= tH +t,t= t1‘| +
+t.=t—t. Vectorsr = (zyy—z)e. + pand r, = (21 — 2)e. +
+ p=—(z)y + 2)e. + p (the vector p is the projection of
vector r or vector r; onto interface) determine positions of
points M and M, relative to the observation point Q. The
angle S, shows the orientation of the vector r relative to

the vertical axis. The parameter &) = ,u§/ (ﬁrl) is

connected with distance | between points M; and Q.
A

td|

411@1

tdl

twdl
M, YL" dl
trdl

Fig. 3. Location the contour element ¢d/ and its mirror reflection
t,dl relative to the observation point Q
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The first and second terms in (7) and (8) describe the
solution of the problem for perfect skin-effect when 60
[20]. At a value of the penetration depth other than zero
the impact of electro-physical properties of the medium is
taken into account by the third term.

The electromagnetic field (7) and (8) at an arbitrary
point of the dielectric half-space is created by all sources,
including the current of the initial contour, eddy currents
in conducting medium, sources of magnetization of the
medium and electric charges at the interface between the
media. We can say that this total field decreases from the
value at the interface during its diffusion into conducting
body. The presence of the third term in (7) and (8)
determines the difference between the tangential
components of the field intensities on the surface from

their values E,, H, , which correspond to the field in the

approximate model of the perfect skin effect.

General feature of decrease of non-uniform
electromagnetic field in the conducting half-space. The
availability of the exact solution to the general problem
allows, first of all, to analyze the features of the
penetration of non-uniform field into a conducting half-
space without restrictions on the values of the electro-
physical parameters and the field frequency.

As it follows from (2) and (4), the distribution of any
component of the electric and magnetic field intensities in
the skin-layer, depending on the coordinate =z, is
associated with exponential function K(z/d,y) (5) in the

integrands. The factor \/1+[;(/ (,u\/; )]Z in the exponent

affects to the field decrease law. If the influence of the

second term [;(/ (y\/; )]2 is absent, it corresponds to the
decrease law of the uniform field. Since

Re(\/1+[;(/ (,ux/z_')]zJ>1, the decrease of the non-

uniform electromagnetic field created by the current
contour is always faster than that of the uniform field.
Taking into account the principle of superposition, this
conclusion will be valid for any system of initial closed
contours and therefore is valid in the general case of
arbitrary external field.

Thus, faster decrease of non-uniform
electromagnetic field as compared to uniform field is
general feature of the electromagnetic field formation at
its diffusion into conducting half-space. A qualitative
explanation of the found feature can be based on the
analysis of the inhomogeneous field formation under the
action of «standard» external sources and it is the subject
of additional research.

Let us consider the influence of the parameter ¢ on
the field penetration law, that is, the effect of the distance
between the external field sources and the body surface in
comparison with the penetration depth (at ¢ = 1). The
parameter ¢ also characterizes the field non-uniformity,
since the closer the current contour is to the surface, the
more non-uniform field is at its surface. This is reflected
in the influence of the parameter £ on the dependences of
the functions fi(z/5,&,0) and fi(z/d,6,) with respect to
coordinate z in (4).

Let, for example, the sources of the external field are
remote at a considerable distance from the surface of a
conducting body and, accordingly, for all points of the
contour £<<1. In this case, in (4), due to the presence of
the exponential function exp(—ycosf/¢), the value of the
integrands turns out to be insignificant when ycosf > &
That is, the value of improper integrals (4) at small values
¢ is mainly determined by the behavior of the integrand
near the lower limit of integration y = 0. This means that
when integrating in (4), the influence of the factor

Y1+ [;(/ (,u\/: ) will slightly differ from the case when

this factor is equal to one. Therefore, if £<<1, then the
decrease in the field from its local value on the surface at
the point O, will be close to the decrease in the uniform
field.

If the parameter ¢ is not small the influence of the

factor \[1+[;(/ (,u\/z_ )]2 is much more. In this case, the

elements of the contour as a source of the external field
are located closer to the interface between the media and
the decrease of the electromagnetic field will occur
according to a different law with larger decrease rate in
depth.

A specific example when the penetration depth

5 =\2/\ouoy
contour illustrates the general conclusion of three-
dimensional field decrease. An additional argument for
the validity of the conclusion can also be a comparison of
the results of calculating the decrease of non-uniform
electromagnetic field, performed using the obtained
analytical expressions and using the numerical method in
the Comsol package [22].

The calculation was performed for a circular contour
located in a plane perpendicular to flat interface, as shown
in Fig. 4. The radius of the contour is R = 0,05 m, the
minimum distance from the contour to the interface is
ho = 0,02 m, the electrophysical properties of the medium
are as follows: 2= 1, =10’ 1/(Q-m). In contrast to the
analytical method, in the numerical calculation, the
current contour was selected in the form of a conductor
with a square cross-section 2rx2r at » = 0,004 m. In the
numerical calculation, the problem was solved in a
limited area, the dimensions of which significantly exceed
the contour radius. Different values of the field
penetration depth and, accordingly, the values of the ratio

SR or &, =max(s)= ,ué/\/zho
choosing the field frequency.

is comparable to the dimensions of the

are obtained by

Ye :0, He =1

7

T K
Fig. 4. Electromagnetic system with a circular current contour
located in the plane perpendicular to the interface
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The results of calculating the electric and magnetic
field intensities are shown in Fig. 5,a-c. In the upper
group of figures, arrows show the distribution of the
induced current density j, = yE; in the vertical plane
passing through the center of the circular contour. The
results of these calculations, performed by the numerical
method, confirm the theoretical conclusion about the zero
value of the vertical components of the electric field
intensity and current density. The curves in the figures
below show the change with depth for component of the
amplitude of the electric field intensity, normalized to the

value of the field at the surface E: :|Ex|/ Ex(z :01.

The coordinate value in conducting medium is normalized

(@)
8/R=13.18;¢g,=5.63

(b)

8/R=10;¢,=178

to the value of the field penetration depth. The dotted
lines show the decrease of the uniform field. Solid lines
correspond to analytical calculations, individual points
marked with squares correspond to the results of
numerical calculations. The bottom row of figures shows
dependences for different components of the magnetic field
intensity, also normalized to the amplitude values of the
corresponding field components at the surface of the

conductive medium A} = |Hik|/|1—'[ik (z= 0] , where k=x, y, z.
Note, in contrast to the electric field, the wvertical
component of the magnetic field intensity in conducting
half-space in this case of a three-dimensional field is not
equal to zero.

(©)

8/R=10.5;¢,=0.89

x=R

009 05 1 15 20
-z/d
\ 1.0 \\ y=ho
0.8 [\ *. 08 \\
.. 0.6 B « . 06
. o
04 04 N
=R ~~._ x= Thel
- —= 02,2 =S 0.2 =~
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Fig. 5. Depth distribution of the normalized amplitudes for the components of the electric £ ; and magnetic H : ) H; , H:

intensities in conducting half-space for non-uniform three-dimensional field created by the specific system in the form of circular
current contour near the flat interface between media

It is seen that with a decrease in the penetration depth
Jin comparison with the radius of the contour R or with the
distance 4, the penetration law both electric and magnetic
fields approaches the slowest decrease of uniform field.
Immediately below the contour at x = 0, y = 0, where the
contour section most closely approaches to the interface,
decrease is more pronounced than at x = R. This is
explained by the fact that at x = R, the contour sections
are at greater distance from the surface, and therefore the
non-uniformity of the external field distribution near the
surface is less than in the case when x = 0.

Dashed curve in Fig. 5,b for vertical component of
magnetic field has a conditional meaning, since in the
approximate model of the diffusion of uniform field the
component of the magnetic field intensity normal to the
surface is equal to zero. However, for diffusion of a three-
dimensional non-uniform field, this component is
nonzero.

For the considered system on the plane x = 0, the

field component H . 1s equal to zero, and therefore in
Fig. 5,c the corresponding curve is missing.
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Penetration of non-uniform electromagnetic field
in the case of strong skin effect. The general feature of
faster decay of non-uniform field in comparison with
uniform one is the basis for analyzing the decrease of the
field, when introduced parameter is small £ < 1 and not
necessarily going to zero. This parameter depends on the
position of the source point M on the contour. This
section deals with arbitrary electromagnetic systems for
which the maximum value &, = max(¢) of all ¢is a small
parameter.

Comparison of decay of non-uniform and uniform
fields. To confirm that the penetration law of non-uniform
field is approached the exponential decrease of uniform
field, let us compare the functions fi(z/d,&) and
f(z/0ep) in (4), taking into account the factor

\1+ [;(/ (,u\/; )]Z in the exponent with the same functions

fro(z/6,,p) and fy(z/5,&,9), but provided that the factor is
taken to be equal to one, which corresponds to decrease of
uniform field. For the electric field intensity, these
functions are related to the directions of the current
parallel and perpendicular to the interface. For the
magnetic field intensity, the corresponding functions that
follow from (3) can be similarly considered.

Let us first consider changes in functions f£(0,&,/)
and £5(0,¢,p) at the surface (z = 0). The dependences of the
modules of these functions on the value p/h = tanf at
4 =1 and various values of the small parameter £ < 1 are
shown in Fig. 6.

(a) (b)

0.03 \ 0.015 |
e=0.2 _
|- : J— 8—0.2
= | a AN
£0.02 3 0.01 _
“ £=0.15 S F=0.1
= e aa
0.01 e=0.1  0.005
= e=0.1 T
0p 1 2 3 0o 2 3
p/h p/h

Fig. 6. Changes in the functions [f|(0,&,/)| and |f3(0,,0)| at the
interface depending on the relative distance o/h = tang for small
values of the parameter ¢< 1 and u=1

It can be seen that sections with different directions
of the current are involved in different ways in the
creation of the tangential component of the electric field
intensity on the body surface. The horizontal component
of the current gives the largest value of integrand in (1)
just below the current element. The largest value from the
vertical component of the current is realized at a certain
distance from the point M, in the radial direction at a
distance p approximately equal to the height at which the
contour element is located.

The curves in Fig. 7,a show values of the modules of
functions dependents on the depth for direction of the
current parallel to the interface at g = 1: solid lines
correspond to the function |[fi(z/d,¢,/, dashed lines
correspond to the function |fio(z/d,s,0]. The results are
given for the case = 0 where the function [fi(0,¢,/ at the

surface takes the largest values. The curves for different
values of the small parameter ¢ are obtained by choosing
the corresponding values of the height / above the surface
on which the contour element is located. A comparison
confirms the statement about the insignificant influence of
the functional dependence of the integration variable in
the exponential function. The quantitative values of the

deviation that arise when the factor \[1+[;(/ (,u\ﬂ)]z is

replaced by one are shown in Fig. 7,b in the form of a
relative deviation value A; = ||fj| — |f1oll/|f1]-

(@ (b)
0.04 0.04
__0.03 0.03
‘*_\2 le=0.2|
=0.02 S0.02
= \_1€=0.2
Y // 0.15
R AN e S
0Op 1 2 3 0g 1 2 3
z/8 =z/8&

Fig. 7. Comparison of the decrease of non-uniform and uniform
fields for functions f; and f, corresponding to the direction of
the current parallel to the interface between media for the small
value of the parameter <1 and u=1

Similar results are also valid for the term of the
integrand in the contour integral (1) related to the vertical
direction of the current. Comparative values of functions
(20,80, frl(z/d6) and the values of their relative
deviation A, = ||f3] - [f20ll/|f2| are shown in Fig. 8. In this case,
the observation point is selected near the maximum value
of the function |£3(0,¢,/)| at the interface at p= h, (f= 7/4).

(a) (b)
0.012 0.02 /\ e
€=0).
b \ 0.015
~0.008 . / 0.15
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: 1N —=0.2| 0.005 /
o.ooz\{ AR \
S —— ]
0 1 2 3 0O 1 2 3
-zl -z/3

Fig. 8. Comparison of the decrease of non-uniform and uniform

fields for functions f, and f5y corresponding to the direction of

the current perpendicular to the interface for the small value of
the parameter €< 1 and u=1

From the presented calculations, it can be seen that
with decrease in the value of the small parameter & the
error from replacing the factor in the exponential by one
rapidly decreases, approximately inversely proportional to
the &. Similar results turn out to be valid for the magnetic
field intensity.

The following conclusion can be made from this.
With a strong skin effect, when the maximum value of the
introduced parameter &, is small, the electromagnetic
field decrease from the local value on the surface,
approximately according to the penetration law of
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uniform field. Since the penetration law depends on the
value of the parameter &,, the concept of strong skin
effect can be extended from the point of view of the
possibility of using the penetration law of uniform field.
The skin effect can be considered strong when the product
of the relative magnetic permeability and the penetration
depth 4d is small not only with respect to the
characteristic dimensions of conducting body, but also of
the entire electromagnetic system, including the distance
from the surface of body to the external sources.

Taking into account the boundary conditions

(ZZO:EEH:EiH’HeH:HiH’HeJ_//u:HiJ_) and the

expressions for the field intensities in the dielectric half-
space (7) — (9), the approximate expressions in the
conducting half-space take the following form

Ei ~ epZEi(z = 0)2 epZEeH(z = 0)2
(10)

eP% i ﬂ;)io fez x[tl xVGe|Z:0]dl,

H; = e” Hy(z=0)= " [Hy (- = 0)+ H,, (- =0)/u] (1)

where the components of the magnetic field intensities at
the dielectric surface are as follows

HeH(Z :O):Hel(z :O)+He2(z :O)+
Iy 2°G, [aGeJ

20 — \v4 12
4ﬂﬁ[t|xez] e dl., (12)
z=0
dl.

: Iy 0G,\ °G
H@L(”O):ﬂ’lx{v( o }
l z=0

The expressions (10) — (12) presented as two factors
are approximate only in relation to the dependence on the
coordinate z. On the surface at z = 0, they take into
account the non-uniformity of the electromagnetic field
and give the values of the field intensities without
restrictions on the value of the parameter £= &.

The next two questions are related to the introduced
extended concept of the strong skin effect. First, what is the
difference at the interface between the intensities of the

non-uniform field E;(z=0) and H,(z=0) in (10) - (12)

from the values of the tangent components E, and H,

for the model of the perfect skin effect. Second, what is
the error of replacing the penetration law of non-uniform
field with the penetration law of uniform one, depending
on the value of the small parameter.

Non-uniform electromagnetic field at the interface
between media. For small values &, at an arbitrary point
of the dielectric half-space, including at the interface
between the media the expressions (10) and (11) can be
simplified. In this case the function G, can be represented
by an asymptotic series, limited by a certain number of
terms N [25]

N N < ¥ i
G, ~ ZGn _ Zian(”)J[%] eXp[—%:ﬁl]Jo[}(Slnﬂl Jd}{ 2(13)
0

&
N n+l (n)
& 16 1
=>2-"a (u)(—lj —[—]
PSR s W3 I b

where a,(u) are the Taylor series coefficients of the

o0
function 1/wy = »_a, (,u)(;(/\/;y‘ .
n=0

The use of asymptotic expansion (13) for field
intensities (1), (3) or (7), (8) on the surface made it
possible to find approximate values of the field at the
boundary and to establish some general features of the
field formation. Finding the corresponding relations is
given in [23].

Firstly, in the found analytical expressions, the
electromagnetic field on the surface is determined only by
the known distribution of the field of external sources at
the boundary

: LA < AN A [(14)
EH(Z:()):ZEHn:gZzan(:u - 0 erHOH ?
n=0 n=0 p & =0
) N+l N+l n oM .
HH(Z =0)= ZHHn = —Zzanl(u)[zj {0}”0} (15)
n=0 n=0 i
) ] . n+l (1) ]
HiJ_(ZZO):ZV:Hu_n :_izan(u)[uj {6,,11(”} ’(16)
n=0 n=0 3 4 0z 0

here, it is taken into account & / Vi =u/p; it is

accepted a, = —1; HO is the magnetic field intensity of
external sources in dielectric medium at the interface. If
the external field is created by a single current contour,

then

: I
Hy=— 0§82 g 17
472'1 r3
From (14) — (16) it can be seen that the

electromagnetic field is determined not only by its local
value on the surface, which corresponds to n = 0. It also
depends on the derivatives of the field with respect to the
coordinate, that is, on the non-uniformity of the external
field at the interface between the media. In this respect,
the electromagnetic field at the boundary differs from the

values E, and H, in the perfect skin effect model. The

difference is associated with the field of eddy currents in
conducting medium, the distribution law of which
depends on the degree of remoteness of the external field
sources in comparison with the penetration depth. The
component of the magnetic field intensity normal to the
boundary, which is absent in the perfect model, is
determined only by the derivatives with respect to the
coordinate z of the same external field component.
Secondly, the found expressions (14) — (16) made it
possible to generalize the Leontovich impedance
boundary condition for the case of diffusion of non-
uniform electromagnetic field into conducting medium.
The impedance boundary condition, which establishes the
relation between the tangential components of the electric
and magnetic field intensities at the interface, for
individual terms of the asymptotic series is the following

an—l(:u)EHn :_an(:u)gez ><FIHn : (18)
It follows from (18) that the Leontovich approximate

impedance boundary condition is valid only for the first
two terms of the asymptotic series. The deviation takes
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from n = 2 (&), for which (18) gives

place startin
572 u’ )Jge xH |2- The requirement for

Epy=-1/
fulfilling assumption in the approximate impedance
boundary condition that the normal field component is
equal to zero is more stringent. It holds only for the zero
term of the asymptotic series and it is violated already at &'.
Influence of the small parameter value to the field
penetration low with the strong skin effect. Let us perform
a quantitative assessment of the influence of the small
parameter value ¢ to the change in the penetration law of
the electromagnetic field into conducting half-space. The
analysis is carried out based on the expansion of
expressions (4) in the asymptotic series, where for small ¢
the Taylor series expansion of the factor in the integrand
is used near the zero value of the integration variable y.
Unlike (9), for the asymptotic expansion of improper
integrals (4), it is necessary to use not only the expansion

in a power series of the function wy l(;{), but also the

expansion of the exponential function (5). Taking into
account, except one, next term in the expansion of the

factor \[1+[;(/ (,u\/z_ )]2, approximate expression for

exponential function (5) will be as follows

T () [ ] )

where it is considered that the ratio z/§ does not exceed
several units.

Taking into account (19), the functions f(z/d,¢,0)
and f,(z/9,¢,p) in (4) can be approximately represented as
following (below we use the combined designation
J1.2(2/6,¢&,p) for the two functions)

fl’z(g’g’ﬁj =~ exp(@g‘j{flyz(o,g,ﬁyr \/Eg"z/llzk1~2(0’g’ﬁ):| ,(20)

where k 5(0,&,0) differ from f; ,(0,¢,/) by the presence of
factor (;(/ x/z_ )2 in the integrands (4).

After substitution 1/, = ian ( ﬂ)()( i T , the functions
n=0
k12(0,&,0) and f1,(0,50) can be represented as expansion in
asymptotic series, similarly G, to (15) forz=0

N N
fl(0>‘9>18): \/;Zanfl, n» f2(0’g’ﬂ): \/;zaan, n»

n=0 0 (2 1)
i N
k1(0,6,8) =0 Y apfi neas k2(0.6,8)=0 Y ap fo. pias
n=0 e
where
o o 22122}
: (22)

San =T(;(/\/;T+l exp[_ lCZSﬁle(zsi,nﬁde.
0

To obtain the final expressions, it is sufficient to use
expressions (14) — (16) of the expansion into asymptotic
series of the electric and magnetic intensities at the
interface. In this case, for the additional term containing

k12(0,5,0), the same expressions will be valid, in which
the values of the degree of functions and derivatives
change from n to nt2. Besides, since in (20) only one
additional term of the series is taken into account, the
functions k;,(0,&,/) must also contain only one term of
the expansion. With the same exactness the functions
f1.2(0,&,0) can contain no more than three terms of the
series. As a result, using the value of the field intensity at
the interface (14), the expression in which the difference
from unity for the factor in the exponential function is
taken into account will be as following

{ﬂf[ll]ﬁ(z)”o
.o \P 2;12 &’

2 . o9,
fu) e 0l
[Pj 2;12 &?

. A
u Mo
Ho & |
r

+
_ .(23)
E; ~2ePge, x z=0

z

z=0

Similarly, using the values of the components of the
magnetic field intensities at the boundary (15), (16) and
the expansion of the exponential function (19), we can
also write approximate expressions for the decrease of the
non-uniform magnetic field in the conducting half-space

T N T O IR il 1)
o \P 2u? ) oz’ )

p 0Oz
) .
+ (Mj Pz a(Z)HOH

p) 2u® oz
+(ﬁ]2 - Py,
o \P 2/42 a3 -

z=0

0|

o | (24)

A~(2)
o, |
2
z=0 P &

My,
124

+

25)

. 2
H; ~—Ze* 0

b +[£JZ£M
P

2wt a3

For the components of the electromagnetic field
between the media, the deviation from the penetration law
of uniform field takes place for the terms of series
proportional to the second-order derivative of the field

intensities at the surface. The deviation for the component
of the magnetic field intensity perpendicular to the

i||» directed parallel to the interface

surface H; | occurs for the term of series proportional to

the third-order derivative. This is due to the absence of
local value of the field at the surface in (18) which
already contains a common factor proportional to the
value ¢

As follows from (23) — (25), the deviation of the
penetration law of non-uniform electromagnetic field in
conducting medium from the penetration law of uniform
one appears when the small parameter is taken into
account in the second power &. This conclusion is in
agreement with the calculation results shown in Fig. 7,b
and 8,b. In addition, it follows from (23) — (25) that the
maximum value of the modulus of the additional term
takes place at the maximum value of the function

|pz exp(pz) = ‘(ﬁz/&)exp(z/&X , which is realized at — = 6.

This value also agrees well with the ratio z/d in Fig. 7,b
and 8,b when the deviation reaches its maximum value.
As can be seen from (23) — (25), for all components
of the electromagnetic field with strong skin effect, the
deviation of the penetration law of non-uniform
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electromagnetic field from the penetration law of uniform
one is determined by the value of the same parameter

2 2
H| Pz £ 2
(pJ 2u° (#] 4

Estimate (26) takes into account only the difference
between the field penetration laws. The total relative error
associated with the use of the model of perfect skin effect
will be much more, since this model also does not take
into account the field non-uniformity at the interface.

Conclusions.

The exact analytical solution of the three-
dimensional problem of quasi-stationary electromagnetic
field in the system «current contour of arbitrary
configuration — conducting half-space» allows to obtain
some general substantiated consequences of the field
formation. These consequences, considered in the paper,
are as follows.

I.It has been established that non-uniform
electromagnetic field, upon penetration into conducting
half-space, decreases in depth always faster than uniform
field. Quantitative characteristic of the field decrease rate
can be considered the parameter proportional to the ratio
of the penetration depth of uniform field to the distance
from external sources to the interface between dialectic
and conducting media. With decrease in this parameter,
the field is decreased slower, tending to the slowest
decrease of uniform electromagnetic field, when the
quantitative parameter tends to zero.

2. From the point of view of the possibility of using the
penetration law of uniform field the concept of a strong
skin effect can be extended. The skin effect can be
considered strong when the penetration depth is small not
only with respect to the characteristic dimensions of
conducting body, but also of the entire electromagnetic
system, including the distance from the surface of body to
the external sources. In this case, the introduced
quantitative parameter is small.

3.In the case of strong skin effect in its extended
interpretation the non-uniformity of the electromagnetic
field affects both the values of the field intensities at the
interface between the media and the field penetration law
into conducting body. The effect of field non-uniformity
at the boundary surface is expressed in the fact that the
electric and magnetic field intensities, in addition to local
values, contain derivatives of the external sources field
with respect to the coordinate perpendicular to the
interface. The found analytical expressions for the field
intensities in the form of asymptotic series make it
possible to generalize the Leontovich impedance
boundary condition to the diffusion of non-uniform field
into conducting half-space. The mathematical model of
the uniform field penetration into conducting medium to
study the penetration of the non-uniform electromagnetic
field is valid up to the introduced small parameter in the
first degree. At the same time, the use of exponential
decrease of the uniform field from its value at the
boundary, determined with regard for its non-uniformity,
is valid up to the small parameter already in the second
power. The same limitation is valid when using the
Leontovich approximate impedance boundary condition.

(26)

Further theoretical work is possible in the direction
of a more general description of the non-uniform field of
sources, not being limited to external sources in the form
of current contours. The development of the theory is also
possible in the direction of the formulation of boundary
value problems, taking into account the known, as it
shown, field at the interface between media. The found
features of the field formation can make a practical
importance when simulating processes, for example, by
integral methods in devices with three-dimensional
electromagnetic fields. The peculiarities of the
distribution of the non-uniform electromagnetic field on
the surface and in the skin layer of conducting body imply
the study of its influence on the energy and force
characteristics, the distribution of the Poynting vector and
the Maxwell stress tensor.
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