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ON THE SIMILARITY OF PLANE PULSED MAGNETIC FIELDS CONTINUED FROM
DIFFERENT COORDINATE AXES

Purpose. The purpose of this work is formulation of similarity conditions for plane magnetic fields at a sharp skin-effect
continued in non-conducting and non-magnetic medium from different axes bounding plane surfaces of conductors.
Methodology. Classic formulation of Cauchy problem for magnetic vector potential Laplace equations, mathematic physics
methods and basics similarity theory are used. Two problems are considered: the problem of initial field continuation from one
axis and the problem of similar field continuation form other axis on which magnetic flux density or electrical field strength in
unknown. Results. Necessary and sufficient similarity conditions of plane pulsed or high-frequency magnetic fields continued
firom different axes of rectangular coordinates are formulated. For the given odd and even magnetic flux density distributions on
axis of initial field corresponding the distributions on axis and solution of continued similar field problem are obtained.
Originality. It is proved that for similarity of examined fields the proportion of corresponding vector field projections represented
by dimensionless numbers in similar points of axes is necessary and sufficient. References 11, figures 4.

Key words: plane magnetic field, sharp skin-effect, Cauchy problem for Laplace equation, similarity theory.

Mema. Memoro pobomu € hpopmyntoeanns ymoe nodionocmi naioCKonapanenbHux MazHinmHux noie npu pizKomy nogepxnHeeomy
echexmi, uwgo0 npooosicylomuvca 6 Henpogione i HemazHimHe cepeoosumse 3 PIZHUX OCEHl NPAMOKYMHUX KOopounam, KOmpi
oomedxncylomey nnocki noeepxui nposionukie. Memoouka. Buxopucmano xknacuune gopmynioeanna 3aoaui Kowi ona pienanns
Jannaca 6i0HOCHO 8eKMOPHO20 NOMEHUIANY MAZHIMHOZO RONA, MEMOOU MAmMeMamuyinoi (i3uKu ma OCHOGHI NONONCEHHS
meopii nodionocmi. Pozenanymo 06i 6i0nogioni 3adaui: 3adaua nPoO0IHCEHHA GUXIOH020 nOA 3 00HIET oci ma 3adaua
nPo006IHCEHHA NOOIOH020 nonA 3 IHWOI oci, po3noodin IHOYKYII MazHIMHO20 nona Ha Kompil € Hegioomum. Pezynvmamu.
Cdhopmynvosano neodxioni ma oocmamui ymoeu noodioHOCHmI HIOCKORAPANENAbHUX IMAYALCHUX A00 BUCOKOUACHOMHUX
MAZHIMHUX NONIB, WO HPOOOBIHCYIOMBCA 3 PIZHUX OCell NPAMOKYMHUX Koopounam. /[nsa 3a0aHuUX Henapnozo ma napHozo
Po3nodinie iHOyKuyii Ha oci 6UXIOH020 MAZHIMHO20 NONA GUIHAYUEHO GIONOGIOHI PO3NOJINU HA OCI, @ MAKOXHC PO36’A3aHi 3a0ayi
npoooexcenna noodionozo nons. Haykoea noeusna. /logedeno, wio 0na nodionocmi nonis, AKi po3enanymo, Heo0Xiona ma
docmamua nPonopyilinicms nPeoCmaesienHux y Kpumepianvuiii popmi 6i0nosionux npoexuiil 6eKmopie Yux noaie y cxoxncux
moukax oceit. bi6n. 11, puc. 4.

Knouosi crosa: niockomnapanenbHe MarHiTHe moJie, piskuii moepxneBmii edekr, 3agauya Kowi ans piBusauus Jlamnaca,
Teopist noaidHOCTI.

Lenw. Llenvio pabomoul agnaemca Gopmyauposka yciouil no0oodus NAOCKONAPAIIEAbHBIX MAZHUMHBLIX NONEl NPpU Pe3KOM
nogeepxnocmuom 3Ihpghexme, Komopvie RpPOOONIHCAIOMCA 6 HENPOGOOAWYI0O U HEMAZHUMHYIO Cpedy C pPa3ludHbIX oceil
NPAMOYZONLHBIX  KOOPOUHAM, OPAHUYUGAIOWUX NIOCKUE NOGEPXHOCMU npOGOOHUK08. Memoouka. Hcnonvzosanst
Knaccuueckasn popmynuposka zadauu Kowu onn ypasnenus Jlannaca omuocumensno 6eKmopHozo NOMeHUUANA MAZHUMHO20
ROJIsl, MEMOObL MAMEMAMUYECKOU (YUUKU U OCHOBHbLIE NOJIOMHCEHUA meopuu nodobus. Paccmompenst 0ée coomeemcmeyiouiue
3a0auu: 3a0aua NPOOONNHCEHUS UCXOOHO20 NOJA C OOHOU OCU U 3a0aud RPOOONIHCEHUS HOO0OH020 NOoaA ¢ Opy20il ocu,
pacnpedenenue UHOYKUUU MAZHUMHOZ0 NOAA HA Komopoil neussecmuo. Pezynomamol. Chopmynuposanvt neodxooumovie u
docmamounsle ycao6us NOOOOUA NIOCKONAPANTENbLHBIX UMNRYAbCHLIX UMW  6bICOKOYACMOMHBIX MAZHUMHBIX Rojel,
RPOOOANCAEMBIX C PA3IUYHBIX OCeil NPAMOY2ONbHLIX Koopounam. /[na 3a0aHHBIX HEUEMHO20 U HemHO020 pacnpedeneHuil
UHOYKUUU HA OCU UCXOOHOZ0 MAZHUMHOZ0 NOJIsi ONPEOeleHbl COOMEENICIMEYIouiUe PACHPEOeleHuUs HA OCU, A MAKMCe Peulenbl
3a0auu npooondcenus no0oono2o nons. Hayunas noeusna. /lokazano, umo 01s no0oodus paccmMompennsvix noJieil Heooxoouma u
0ocmamouna nPoOnOPUUOHAILHOCHL NPEOCMABIEHHBIX 8 KPUMEPUANbHOU (hopme COOMEEmMCmayIouux RPoeKyuil 6eKmopos
IMUX noueil 8 CX00CMeEeHHbIX moyukax oceii. butbn. 11, puc. 4.

Knrouesvie cnosa: niockonapaieTbHoe MATHUTHOE T0J1e, Pe3KHil MOBePXHOCTHBIH Y dekT, 3agaua Komm nias ypaBHenust
Jlamaca, Teopusi mooousi.

Introduction. The shape of massive solenoids
(inductors) and electrodes used in electrophysical
technologies to obtain electromagnetic fields of a given
distribution is found by solving the field continuation
problem [1-3]. We restrict ourselves to considering plane
pulsed or high-frequency magnetic fields, continued from
one of the axes of rectangular coordinates (for example,
the x-axis) [4]. The problem definition includes the
distribution of a certain projection of the vector of the
extended field specified on this axis. In practice, it may be
necessary to solve the problem of continuation of a field
with a similar distribution on the y-axis. In this case, it is
obvious to use the results obtained for the x-axis. The
main difficulty of this approach lies, first of all, in

insufficient theoretical substantiation, as a result of which
the given field distribution on the y-axis turns out to be
unknown.

The goal of the work is a formulation of conditions
for the similarity of plane magnetic fields at a sharp skin-
effect, which continue into a non-conductive and non-
magnetic medium from different axes of rectangular
coordinates that limit the flat surfaces of the conductors.

Conditions for the similarity of magnetic fields
extended from flat surfaces of conductors. In a massive
conductor with a flat boundary surface eddy currents are
induced under the action of a pulsed or high-frequency
magnetic field of an external inductor, the profile of
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which must be determined. The skin-effect is sharply
manifested in the conductor. Let us accept the assumption
of an ideal surface effect [3] and replace the conductor
with an ideally superconducting half-space. We use three
systems of Cartesian coordinates on the plane: the main
(general) xOy and two auxiliary ones — x;Oy; and x,0y,.
Consider two corresponding problems of continuation of
a plane magnetic field into non-magnetic non-conducting
half-spaces y; > 0 and x, > 0 without sources (Fig. 1):
from the x; axis (the first problem whose solution is
known) and from the y, axis (the second problem). Half-
spaces y; < 0 and x, < 0 are ideal superconductors.
Equation for the magnetic vector potential A(x, y)
of such fields has the form [5]
2 2
8—124 + 6—124 =0. €))
ox oy
In (1) x =x1 v X, y =y vy Ak, y) =

= Ai(x1, y1) Vv Ay(x;, y,). Boundary conditions on the
X(-axis —

Al 0)=0, ZU =B (n0), @3
Mly=0
on the y,-axis —
0A
4(0,3,)=0, —* =-B,,(0.y,), (4.5
X2 X,=0

where Bi,(x1, 0) and B,,(0, y,) are the projections of the
magnetic flux density B, (x1,»1)> 1 = 0and B, (x2,¥2),
X, > 0 on the xy, y, axes.
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Fig. 1. Systems of coordinates and parallel axes with currents
creating specified distributions of magnetic flux density (8)

Note that Bi(x;, 0) is a given function, and the
projection B,,(0, y,) is to be determined. Comparing the
formulations of the two considered problems (1)-(3) and
(1), (4), (5), we note that they have geometrically similar
solution domains (half-spaces y; > 0 and x, > 0, Fig. 1)
with the same physical properties, contain an equation of
the same type and similar boundary conditions (2), (4) on
the x; and y, axes from which the fields continue. The
described conditions are necessary, but they are not
enough for the similarity: the boundary conditions (3), (5)
remain.

Let us assume that the considered magnetic fields
are similar. Then it follows from (1) — (5) that the similar
coordinates [6-8] in the field continuation domains are x;
and y,, y; and x,, and the corresponding functions are
Ay(x1, y1) and A4,(x,, y;). Therefore, analogous quantities
characterizing supposedly similar fields should be
x| 2 M 0x)

—Bly(xl, 1) and By (x2, 1), Bix(x1, y1) and _BZy(xL ¥2)-(6,7)

Let P be the observation point of the field with
coordinates Xp=X1pV Xop, VP =)V1iP V Vor (Flg 1) Then the
similar coordinates of the point P will be x;p and y,p, y1p
and x,p.

Taking into account the main provisions of the
similarity theory [6-8], in addition to the noted necessary
conditions, we can assert the following: for the similarity
of two compared magnetic fields, it is necessary and
sufficient that the values of the presented in criterial form
magnetic flux density projections B;.(x;, 0) and B,,(0, »»)
at similar points of the axes, from which these fields
continue, should be proportional.

This condition allows to find B,/(0, y,) and thus
obtain a complete formulation of the second problem.

Magnetic flux density distribution on the y, axis
for a similar magnetic field. Let in the first problem the
given distributions of the magnetic flux density on the x;-
axis can be represented by the formula

I 1 _
By, (x,0)= yoﬁlM {Y1M|: F

(xl XM )2 + Y12M

®)

1
+ )
(1 +x10 )2 + J/12M }

where p, is the magnetic constant, /j,, X1y, Vi are the
distribution parameters.

The function in curly brackets of formula (8) is odd
or even, depending on the minus or plus sign between the
terms in square brackets. In both cases, it has the well-
known sine or cosine Fourier transform. The multiplier
before of the considered function is constant therefore
Bi,(x1, 0) also has such transform. The physical meaning
of (8) is the magnetic flux density created on the x,-axis
by a system of four parallel, symmetrically located axes
with currents /), = +[,, two of which (M;' and M,")
replace the influence of the lower ideally superconducting
half-space [9, 10] (Fig. 1). The parameters x; = Xy,
yu = y1u determine the position of the axes at the points
My, My, M, My' of the x;0y, plane. Currents +/;; have
positive directions, and —/;; have negative ones, indicated
by a dot or a cross, respectively. For the currents in Fig. 1
we obtain an odd magnetic flux density distribution. If the
currents in the upper half-space have the same (for
example, positive) direction (while the currents in the
lower half-space are also directed in the same way, but
opposite to the first ones), we have an even distribution of
magnetic flux density.

Let us find such distributions B,,(0, y,) on the
yp-axis that satisfy the necessary and sufficient similarity
condition formulated above. To do this, we first establish
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similar parameters [6-8] of the distributions Bj.(x;, 0) and
Bzy(o, yz)l IIM and [2M, X1m and YVoms Yim and XoM> where 12M,
Xy and yy, are the parameters of the distributions
B,,(0, y,) unknown so far. Then, using the correspondence
of similar values (7), we replace in formula (8) the
coordinates and parameters with similar coordinates and
parameters of the second problem. We obtain:

Holaym 1 -
B, (0,y,)=—
2y( ) 4 {xZM{(yz —yau ) + X3y ’

©)

_ 1
F .
(yz +Yom )2 + x%M }
We represent (8), (9) in dimensionless form
(in criterial form) using two systems of basic quantities:
1, and b, — length, I, and I,, — current, By, and By, —
magnetic flux density (basic values for formula (8) have
number 1 in the subscript, for (9) — number 2).
Dimensionless quantities are obtained by dividing the
corresponding dimensional ones by the basic ones and
marked with asterisks. After transformations formulas (8),
(9) take the following form:

le(x1»0)=—11MY1M — T2
d (xl _le)z +m
(10)
—_ 1 *
— b — 0 < X <00
(xl +le)2 + M
BZy(anZ)z_;IZMXZM( . )2 .
- +Xx
V2~ Vom 2M (a1
_ 1 *
L Era— o TP<I<®
(yz +y2M)2+x2M
Comparing (10) and (11), we see that for
XM = VoM > YiM = Xom (12)

at similar points on the x; and y, axes with coordinates
xr = y;, the values Bl*x(x;k ,O)are proportional to the
values B;y (O, y;) Consequently, the necessary and

sufficient similarity condition is satisfied, and the sought
distributions B,,(0, y,) for such a magnetic field have the
form (9). If in addition to (12) to accept

Iy =Don s (13)
then the absolute values of the compared magnetic flux
density values will be equal, although this is not necessary
for similarity.

All quantities included in conditions (12), (13) are
similarity criteria. We choose the basic values /y;, [, in
such a way that conditions (12) are satisfied. In the
general case, I, and I, can be any, but, if necessary, we

find them taking into account condition (13). When
determined ijxik ,0) and B;y(O, y;), we accepted

By = polis/lips Bop = tolop/bop.

The physical meaning of distributions (9) is similar
to that described for (8): the magnetic flux density created
on the y, axis by four parallel axes with currents
+ly, = =+l (the axes are located at points whose
coordinates =+x), and =y, are determined by the
parameters £x,), and y,,,, Fig. 1).

Figure 2 shows the symmetric parts of the odd (a)
and even (b) distributions of the magnetic flux density on
the axes at x; > 0 and y, > 0, calculated by (10), (11).
Accepted: [y, = by, Ly = Ly, Liy = Ly g curves

1= x1 =01, yyr =015 2 =025, 0,1; 3 - 0,15, 0,2;
4 - 0,25, 0,2. The values x;M and y; u are determined
using relations (12). The coincidence of the distributions
Bl*x (xik ,0) and —B;y (0, yz) illustrates the necessary and
sufficient condition for the similarity of magnetic fields.
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Fig. 2. Odd (@) and even (b) distributions of the magnetic flux
density on the axes xi, y,

Continuation of similar magnetic fields by solving
the first problem. The solutions of the first problem (1)-
(3), taking into account (8), obtained by the method of
particular solutions that continuously depend on the
parameter, have the following form:
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290y T -y [sin(xas A)sin(x2)
4(x,y)= { ¢ {cos(xM/l)COS(x/l) 4

xl_lsh(yi)d/l, —o<x<w, 0<y<yy.

The first line of the multiplier of the integrand in
curly braces (14) refers to the odd distribution By, (x;, 0),
the second — to the even one.

The solutions of the second problem (1), (4), (5)
taking into account (9) are found by replacing coordinates
and parameters in (14) by similar values of a similar field.
We obtain:

_Mw ) sin(yMl)sin(yi) y
Ayx.y)= { ¢ {cos(yMz)cos(m) (15)

xﬂ_lsh(xxl)d/l, —o<y<m, 0<x<xy,.

In (14), (15) ) Iy = Liv v L, Xu = Xt vV Xous,
Yu = Yim V Yau- The constraints y < y,, and x < x,, are due
to the convergence of improper integrals [4]. The
correctness of the described method for determining such
a magnetic field and, in particular, (15) is confirmed by
the coincidence of the latter with the solution of the
second problem by the same method as the first one.

Another method for solving the first problem is to
use the Green function for an axis with a unit current
located in a non-magnetic and non-conductive medium
parallel to the surface of an ideally superconducting half-
space. For the odd distribution By,(x, 0) (8) we have [10]:

r, S
): ,Ll()IM In M,P M,P

AP , (16)

T }"MIPVM'ZP

where 7y p is the distance between

"mip > "MyP > Ty p
points P and, accordingly, M;, M;', M,, M,' (Fig. 1).

Using the known relationship between the magnetic
flux density and the vector potential of the magnetic field
[5] and (16) to calculate the projections, we obtain the
following formulas:

ol 1 1
By (P)=- gM (vp—yu B
a "M\P TM,P
7)
1 1|
+(vp +yu ) ;
"Miyp Tmip
Lol 1 1
By,(P)= gﬂM (xp —xr -
"™M\P - Typ
(18)
1 1
+(ep ) 5—-—5—
"Myp TM,P

Note that in (16) — (18) it is assumed that the
observation point P is located in the upper half-space
y > 0 (in a particular case, on the x-axis). Let us find
By(P) and B,(P) for a similar magnetic field in the

region x > 0 (in a particular case on the y-axis), replacing
coordinates and parameters in (17), (18) with similar
values. We obtain surprising, at first glance, results: the
formulas for determining B,(P) and B,(P) formally
coincide with (17), (18). The reason is that a system of
four axes with currents, which creates a magnetic field in
the region y > 0 of the first problem (for more details, in
the physical sense of (8)), simultaneously creates a similar
magnetic field in the region x > 0. Here, the axes located
in points M, and M,' (Fig. 1), replace the influence of an
ideally superconducting half-space x < 0. Therefore,
formula (16) is also a solution of the second problem for a
similar magnetic field in the region x > 0 in the case of an
odd distribution B,,(0, y»).

When using the Green function in the case of even
distributions B;,(x;, 0) and B,,(0, »), it is necessary to
change the directions of currents in two axes to the
opposite with respect to those adopted in Fig. 1: for the
original field — in the M, and M,' axes, for a similar field —
in the M;' and M,' axes. In contrast to odd distributions of
the magnetic flux density on the axes, the vector potential
A(P) is described by two different formulas. We obtain
them from formula (16), having changed places "™M,P

and "\,p for the original field, "vip and "\, p for a
similar field:
I r, S
Al(P)= Holim 4, M\P M,P , (19)
7 "M\ P"M,P
I "M,PTyy!
Ay (p)=2022M gy 27 MHP (20)

7 "M\P yp

Formulas for calculating magnetic flux density
projections B (P) and B,(P), B,(P) and B,(P) differ
from (17), (18) in opposite signs before the fractions

1/1’2 and 1/72, , /72, and 1/r%. . The
MyP M,P MP M,P

correctness of the transforms is confirmed by the
correspondence of the obtained formulas to the relations
6, (7).

Figures 3, 4 show the magnetic field lines of the
initial and similar magnetic fields A4(x, y) = const,
calculated by (16), (19), (20) for the distributions of the
magnetic flux density 2 in Fig. 2,a,b. It is accepted that
A" = Aldy, Ay = polys, Ay = Arp v Az, Ay = Aoy, iy = by
For magnetic field lines 1, 5— 4, = 4> =0,05,2, 60,1,
3,7-0,15,4,8-0,2.

We see that the corresponding field lines of the
considered magnetic fields are geometrically similar,
which confirms the correctness of the obtained results.
The field lines shown in Fig. 4,a,b, limit the profiles of
current-conducting inductors to create pulsed or high-
frequency magnetic fields of given distributions on the
axis y».
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Fig. 3. Magnetic field lines at odd (@) and even () distributions
of the magnetic flux density on the axis x;

0 0,1

The results obtained for the magnetic field can be
used to determine the profiles of one or more long parallel
uniformly charged electrodes, with the help of which an
electrostatic field of a given distribution is to be created
on the flat surface of the conductor. For this we use the
electrostatic analogy of plane electrostatic and magnetic
fields of conductors with a sharp skin-effect
(J.D. Cockroft, 1929, [4]), according to which the
distributions of the taken with a minus sign projection of
the electric field strength FE;(x;, 0) and Bj(x;, 0)
correspond to one another.

Appendix. The use of two methods for solving field
continuation problems allows not only checking the
results, but also obtaining formulas for -calculating
complex improper integrals that are absent in the
reference literature [11]. For example, comparing
formulas (14) and (19) for the initial field, we have two
improper integrals:

Te_ Vg /1/1_1{ sin(xy, A)sin(xA)
cos(xysA)cos(xA)

}sh( yA)dA =

0

=lln{(x_xM)2+(y+YM)2X 1)

8 |(x—xy)? +(r—yy)?

(22 + (=)’
|Gt )’
(c+x0)° + 0+ yu)’
(e+xp)’ + (=)’

-0,1

-0,2
-0,3

-0,4

-0,5

Fig. 4. Magnetic field lines at odd (@) and even (b) distributions
of the magnetic flux density on the axis y,

The limits of x and y change are the same as in (14).
In the described way, one can obtain several more
formulas for calculating improper integrals using (17),
(18), as well as the corresponding formulas for a similar
field. Comparison of (15) with (20) leads to a number of
improper integrals. For instance:

Tex’”’i/l_l{ sin(yA)sin(yA)

h(xA)dA =
cos(yyrA)cos(yA)

0

:1ln{(x+xM)2 +o-om) o)

8 |(x—xu)? +(v—yu)?

(=) + ()’
G+ )’
Gtx) + 0+ )’
(x—xp) +(+yp)’
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We see that formula (22) differ from (21) only by
similar values of a similar magnetic field. In addition, it is
necessary to take into account also other limits of
variation of x and y (see formula (15)).

Conclusions.

1. For the similarity of plane pulsed or high-frequency
magnetic fields continued into a non-magnetic and non-
conductive medium from different axes of Cartesian
coordinates that bound the flat surfaces of the conductors,
it is necessary and sufficient that the values of the
corresponding projections of the magnetic flux density
presented in the criterial form at similar points of the axes
are proportional. This condition makes it possible to find
the distribution of the magnetic flux density on the axis
from which the similar field continues.

2. Solutions to the problems of the continuation of
similar magnetic fields can be obtained from the known
solutions of the problems of the continuation of the initial
fields by replacing the coordinates and parameters in them
with the corresponding similar quantities.
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