UDC 621.313.33 doi: 10.20998/2074-272X.2020.3.02

V.S. Malyar, O.Ye. Hamola, V.S. Maday

MODELLING OF DYNAMIC MODES OF AN INDUCTION ELECTRIC DRIVE AT
PERIODIC LOAD

Goal. Development of methods and mathematical models, based on them, for the calculation of transients and steady-state modes
of induction electric drives operating in periodic load mode. Methodology. The developed algorithms are based on a mathematical
model of an induction motor, which takes into account the saturation of the magnetic core and the displacement of current in the
rotor bars. The processes are described by a system of nonlinear differential equations in the orthogonal axes x, y, which enables
the results to be obtained with the smallest amount of calculations. The magnetization characteristics by the main magnetic flux
and the leakage fluxes are used to calculate the electromagnetic parameters of the motor. To account for the current
displacement in the rotor bars, the short-circuited winding is considered as a multilayer structure formed by dividing the bars in
height by several elements. Results. Due to the variable load on the motor shaft, electromagnetic processes in both transient and
steady state modes of the electric drive in any coordinate system are described by a system of nonlinear differential equations. The
result of the calculation of the transients is obtained as a result of their integration time dependencies of coordinates (currents,
electromagnetic torque, etc.) at a given law of change of the moment of loading. The proposed method of calculating steady-state
mode is based on algebraization of differential equations on the mesh of nodes of the process cyclicity period and allows to obtain
periodic dependencies in the time domain. Originality. The problem of calculating a steady-state periodic mode is solved as a
boundary problem for a system of first-order differential equations with periodic boundary conditions, which allows to obtain
instantaneous dependences during the period of currents, electromagnetic torque, capacities and other coordinates. Practical
significance. Using the developed algorithm, it is possible to calculate the static characteristics of periodic processes as
dependencies on different parameters of the cycle of periodic load or other coordinates, which is the basis for the choice of the
motor for overload, power, heating, etc., as well as to detect the possibility of resonance. References 9, figures 4.

Key words: induction motor, periodic load, mathematical model, steady-state dynamic mode, transient, static characteristics,
saturation of the magnetic core, displacement of current.

Po3pobneno mamemamuuni modeni i anzopummu, 3 GUKOPUCMAHHAM SKUX CKINAOEHi HPOZPAMU PO3PAXYHKY HEPEXiOHUX
npouecie i ycmaieHux peycumMié ACUHXPOHHUX e/IeKMPONpueoodis, AKi RNpayloomy 6 pexcumi nepioouunoi 3minu
Hasanmadyicenna. B ix ocnosy noknadeno mamemamuyny mooenv ACUHXPOHHO20 OBUYHA, PO3PODOSIEHY HA OCHOBI meopil Kin i
300paANCYBANLHUX GEKMOPIG eIeKMPUYHUX KOOPOUHAM, 6 AKIll 8PAX0BYEMbCA HACUYEHHS MACHIMONPOBOOy i GUMICHEHHA
CHIpYMY 6 CHEPIHCHAX KOPOMKO3AMKHEH020 pomopa. Bracniook 3miHH020 HABAHMANCEHHA HA 6471y 0BULYHA €/1eKMPOMAZHIMHI
npoyecu AK 6 nepexioHux, Mmakx i YCMaieHux pexcumax ¢ 0yov-aKiil cucmemi KOOPOUHAM ORUCYIOMBCA CUCMEMOIO HENIHITHUX
ougpepenyianvnux pienanv. B pooomi eukopucmano cucmemy opmozoHaNbHUX KOOPOUHAMHUX OcCell X, Y, AKA 0depmaecmubca 3
006inbHOI0 weuokicmio. /s 004UCIEHHs eNeKMPOMAZHIMHUX RAPAMEMPIE 08UZYHA BUKOPUCIOGYIOMbCA XAPAKMEPUCHUKU
HAMAZHINY8AHHS OCHOGHUM MAZHIMHUM HOMOKOM, @ MAKOMC ROMOKAMU po3cilosanns cmamopa i pomopa. /Ina ypaxyseanns
GUMICHEHHA CIPYMY 6 CMEPIHCHAX POMOPA KOPOMKO3AMKHEHA 0OMOMKA NOOAECMbCA Y 6U2NA0l 6azamouiaposoi cmpykmypu,
YmeEopenoi po3oummam cmepicHie no eucomi Ha KilbKa enemenmis. Ycmanenuii nepioOudHUil pescum po3paxosyEmuces
Memooom po36’A3y6anHs KPalioeoi 3adaui, po3podieHum Ha OCHOGI AnpOKCUMAuii KOOpOuHam Kyoiunumu cniaainamu, wio oac
3MO2y ompumamu iX nepioouyuHi 3anexicHocmi ¢ no3auacosin oonacmi i po3paxosyeamu CHMAMUYHI XAPAKMEPUCIMUKU AK
3anexcHocmi 6i0 napamempie YUKy nepioOUyHO-3MIHHO20 HABAHMAHCEHHA Ao IHwux Koopounam. bioin. 9, puc. 4.

Kniouogi crnosa: acHHXpOHHUH IBUI'YH, epiognyHe HABAHTA)KeHHS, MAaTEMAaTHYHA MO/e]b, YCTAJIEHHI THHAMIYHHI peXuM,
nepexigHuii mpouec, KpaiioBa 3agaya, pe30HAHC, CTATHYHI XapPaKTePUCTUKH, HACHMYEHHsS MArHITONPOBOAY, BHUTiCHEHHSI

CTpyMmy.

Pazpabomanvr mamemamuueckue mMooenu u ai2opummul, ¢ UCHONAb306AHUEM KOMOPHIX COCHMAGIEHb! NPOZPAMMBL pacuema
NepPexoOHbIX NPoUeccos U YCMAHOGUSUIUXCA DPEHCUMOE ACUHXPOHHBIX IJIEKMPONPUEOO0E, KOmopvle padomaiom & pedtcume
nepuoou1ecKko20 uzmenenus Hazpysku. B ux ocmogy nonosiceno mamemamuueckylo mooenb ACUHXPOHHO20 Osuzamens,
Pazpadomannylo Ha OCHOGe meopuu ueneil U U300PANCAIOWUX 6EKMOPOG INEKMPUUECKUX KOOpOunam, 6 KOmMOopoii
YUumsleaemcsa HAcCblujeHUe MAZHUNMONPOBOOA U 6bIMECHEHUE MOKA 6 CIMEPHCHAX pomopa. Beneocmeue nepemennoil nazpysxu
Ha 6any Osuzamens I1EKMPOMAZHUMHbIE RPOUECCHl KAK 8 NEPEXOOHBIX, MAK YCIMAHOGUGUXCA PEHCUMAX 8 TII000IU cucmeme
KOOpOunam oORucblealomcsa CUcmemoil HenuHeiinsix ougpepenyuanvuvix ypaenenuii. B pabome ucnonwv3yemcs cucmema
O0pMOOHANBHBIX OcCell X, Y, KOMOpas epawiaemcs ¢ NPou3soabHoil ckopocmuio. /[na Gvluucienus INeKmpoMazHUMHbBIX
napamempog 0guzamens UCHOAb3YIOMCA XAPAKMEPUCMUKU HAMAZHUYUGAHUA OCHOGHHIM MAZHUMIHBIM HOMOKOM, A4 MAKdHce
nomokamu pacceusanus cmamopa u pomopa. /ns yuema 6blmMeCHEHUA MOKA 8 CHIEPHCHAX POMOPA KOPOMKO3IAMKHYMAs
00MomKa npeocmaenaemca @ eude MHOZOCAOUHOU CMPYKMYpbl, 00PA306AHHOI pa3deieHuem cmepicheii no evicome Ha
HECKOIbKO 71eMeHMo68. YCmanoeusuiuiicaA nepuoOudecKull pexcum paccuumolédemca Memooom peulenus Kpaegoil 3adauu,
PazpadsomannsiM HA OCHOGE ANRPOKCUMAUUU KOOPOUHAM KyOUUEeCKUMU CHAQUHAMU, YMO Oaem G03MOMNCHOCHIL HOIYHUMDb
nepuoouueckue 3a6UCUMOCHU 80 6HEGPEMEHHOI 0OACMU U PACCYUMAMb CINAMUYECKUe XAPAKMEPUCIMUKYU KAK 3A8UCUMOCIU
Om napamempos YUKIa NepuooutecKu U3MeHAIWeNca Hazpy3Ku uiu opy2ux koopounam. bubn. 9, puc. 4.

Kniouesvie cnoéa: acHHXPOHHBIH JBHMraTejb, NePHOIWYECKAsi HArpy3ka, MaTeMaTHdecKash MoJeJdb, yCTAHOBHBIIMiiCS
JNHAMHYECKHIl Pe:KHM, NMePexXoAHbIil Mpolece, CTATHIECKHE XAPAKTEPHCTHKH, PEe30HAHC, HACBHIINIEHHEe MATHHTOMPOBOIA,
BBITeCHEHHE TOKA.

Introduction. In modern conditions of development  approaches to their practical implementation, which can
of science and technology, the problem of the be realized only on the basis of the development of
development of induction electric drives requires new
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adequate mathematical models of electric drive systems
that are adapted to their operating conditions. Their use
allows not only to correctly select the necessary induction
motor (IM), but also to develop a control system under
which the motor, operating under these conditions, would
ensure the maximum possible efficiency of the electric
drive system as a whole.

Modern factory methods make it possible to design
an IM that is highly likely to meet the technical conditions
of operation in a steady nominal mode with constant load.
Such calculations are usually performed using classical
substitution circuits [1, 2], but classical substitution
circuits are not suitable for the calculation of dynamic
modes, and their various adaptations need to be checked
on a case-by-case basis.

In the practice of operation, IMs are used not only
for actuating mechanisms that operate with unchanged
mechanical torque of loading, but also for drives with
periodic repeated short-term loading [3, 4]. The duration
of the cycle of periodic re-alternating load 7' consists of
two parts: the duration of the action of the load pulse and
the pause. In particular, for repeated short-term operation
(83), the duration of the load pulse is expressed as a
percentage to the duration of the full cycle. Switch-on
time (ST) = 15; 25; 40; 60 % (e.g. S3 — 25 %; S3 — 40 %)
is considered standard, with a cycle time of 10 minutes
[5]. The industry produces IMs to operate in different
standard-defined S3 modes. The selection of the motor
power for the repeated short-term operation mode S3 can
be made for equivalent power or torque for a given load
schedule. Knowing the power of the catalog IM for
motors designed to operate in a particular §3 mode, it is
possible to select a motor to check for starting torque,
overload capacity and heating [4].

Both standard long-run motors and motors specially
designed for repeated short-term mode can operate in the
repeated short-term mode. After all, often the values of
the duration of switching on the IM are not standard.
There is a need for a comprehensive study of the
operation of the motor under the conditions specified by
the working mechanism of the periodic load torque,
which can be accomplished through mathematical
modelling.

The goal of the work is to develop mathematical
models for the analysis of the dynamic modes of
induction motors operating under conditions of periodic-
variable loading.

A mathematical model for the calculation of
transients. For the analysis of the operation of electric
drives operating in dynamic modes, mathematical models
of IM, built on the basis of substituting circuits or linear
differential equations (DEs) can be used only for
approximate calculations. Because the electromagnetic
torque is determined by the flux linkages and currents of
the circuits of the motor, the inaccuracy of their
determination leads to the inaccuracy of the calculation of
the mechanical characteristic [1, 2]. In particular, the
value of the inductive resistances of the windings is
significantly influenced by the saturation of the magnetic

core, the change in the active resistances of the rotor
winding due to displacement of current. Taking them into
account in dynamic modes with the help of corresponding
coefficients [2] does not guarantee the accuracy of the
calculation results, especially for deep-slot motors.

The object of study is an IM with short-circuited
rotor winding, which is powered by a three-phase network
with a symmetric voltage system. For the analysis of
electromagnetic processes in IM, we use a mathematical
model, created using orthogonal coordinate axes, which
allows to consider processes by computer simulation
taking into account both saturation and displacement of
current in bars of the short-circuit rotor windings with
minimal computation. The magnetization characteristics
of the main magnetic flux and the scattering fluxes are
used to take into account saturation, and to take into
account displacement of current the bars are separated by
a height into » layers (2 < n < 5) which results in the n
windings being covered by different magnetic scattering
fluxes. The -calculation algorithms are based on a
mathematical model of the IM in the x, y axes, developed
on the basis of the theory of imaging vectors [7], which
allows to consider processes in the IM based on the theory
of circuits.

Dynamics of motion of the rotor of the IM,
operating in the mode of periodically variable loading, is
described by the system of the DEs of electromechanical
equilibrium which in the system of orthogonal axes x, y
taking into account the division of each bar in height into
n elementary ones, as well as subjecting the image vector
of the supply voltage along x axis that is commonly
practiced looks like

dlg—;x =gy sy Rl +Upy
dZtsy = -V — Rl s
d’;’_tlx =(wp — oW1, — Riiy ;
d:—;y = (@ — 1, — Riiyy 5
)]
dZ: = (a9 w)'/’ny =Ry
d::y = (@) — W — Ry ;
cj{—i) = %(EPO(‘//sxiSy - ‘/’syisx)_ MC(t)j ’

where the indices sx, sy denote that the flux linkages (y),
currents (i), and active resistances (r) belong to the
corresponding stator circuits; and 1x,...,nx, 1y,...,ny to the
rotor ones; U, @, are the amplitude value and angular
frequency of the stator winding phase voltage; w is the
angular velocity of rotation of the rotor; J is the moment
of inertia of the moving parts of the electric drive reduced
to the shaft of the IM; p, is the number of pole pairs.
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The loading diagram of the mechanism must be
known for modelling. Taking into account that the time
dependence of the load torque is periodic, it is necessary
to represent it in the form of a law of change, which
corresponds to a complete cycle in the form
M (t) = Mt + T), where T is the period.

An algorithm of calculation of characteristics. If
the IM operates in one of the standard modes (full cycle is
10 minutes), then the transient is almost complete, and for
a complete analysis of the motor operation it is enough to
calculate the transient during the period. This can be done
by integrating the DE system (1) using the numerical
method [6].

DE system (1) includes 2 + 2n electrical equilibrium
equations and one rotor dynamics equation. Therefore,
when calculating the transient, it is necessary to rotate a
matrix of the same order at each step (sub-step). In order
to reduce the amount of calculations, we reduce the DE
system (1), based on the following considerations.

The flux linkages of each IM circuit according to
accepted assumptions consists of the sum

Vi=Vs5tV¥g

of working flux linkage w5 which is nonlinearly
dependent on the currents of all circuits, and scattering
flux linkage w, which has a linear dependence,
respectively, only on the stator currents or only on the
rotor one. In addition, the flux linkage caused by the main
work flow and the flux linkage of the slit scattering for all
rotor circuits along the x axis are equal. The same applies
to similar circuits along the y axis. The above makes it
possible to divide the equilibrium equations of the DE
system (1) into two parts by distinguishing a linear part in
it. For this purpose it is necessary to replace the Sth
equation by the difference of the 5th and the 3™ ones, the
6th equation by the difference of the 6th and 4™ ones, etc.
The first one is of the fourth order

dy, .

d;x =gy — Ryige +Up s

dyg, .

dt = =00 o — Ryl

dl/llx T
- (@9 — @)1y, — Ry 5
d

Z;y e ) Ryiy,,

and is nonlinear, and the second of the 2(n—1) order is
linear

d —
(l//lx V/Zx) — (a)O _ a))(l//ly _(//zy)— Ry T ipy s

dt
dlyy, —vw j J
% =~y oyix —war)=niity + iz ;
d(y, - i+ T

s =) (0, - oyt i - i s
d —

(WIJZTW}W) = _(CUO _wxl//lx _l//nx)_r]il)’ +Fniny :

Write these two systems in the form

A A i B
{ 1 12}{{11/61@:{{31} @)
Ay Ay | |diy/dt] | B,
Determine the derivative of equation (2)
di, o VY= - )
7; = (All —A12A22A21T (Bl — A4 B, ),
in which only the elements of the matrices A4,; and A4,

depend on saturation. This allows to calculate the
elements of the matrices Az_zl and 4,; once and use them
to determine at each step the integration the derivative

%ZAzz{Bz _Azl%)

Therefore, it is enough to rotate once the matrix of
the 2(n—1) order and rotate the 4th order matrix at each
integration step. The obtained formulas make it possible
by numerical methods to reduce to Cauchy form the
system (2) of the DEs of the electric equilibrium of the
circuits.

Flux linkages of circuits are determined based on the
use of magnetization curves by the main magnetic flux y,
and the scattering fluxes of the stator ,, and rotor ¥,
windings

Yu= W#(iy)s Vos = V/os(is)a Vo = V/or(ir)’
where

. . v (. .y
lﬂ:\/(zsx+l,x) +(zsy+z,,y)2 :

Iy = \ l.szx + l‘sz ; I, = \ l.;%x + lfy .

The currents of the rotor circuits are defined as the
sum of the currents of n bar elements

n n
J=1 J=1

A mathematical model for calculating steady-
state dynamic mode. In order to reduce the presentation
of the computation of the steady-state dynamic
calculation algorithm, we write the DE system (1) as a
vector equation of the form

- —\—1
ac (o) (- - - =
—=|=| zly,xu,f], 3
di (ax] 5. 7) ®
I -
where @ =Y is the matrix in which L, = d—lg
dt 0 1 i

is the complete matrix of differential inductances of the
IM in coordinate axes x, y [7];

Vx Un 0 oy
Yy 0 0 gy
Vix 0 0 Ix
0 ~ 0 i
J—} = ://ly > u= > f = : > X= Zly
L 0 0 Inx
Yy 0 0 iny
|© | | 0 | _Mc(t)_ | @ |
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In steady state mode of the electric drive system
with periodic change of the load torque M(f) = M(¢t + T)
flux linkages, currents, rotor speed, electromagnetic
torque, etc. are varied by periodic laws. The task of
calculating a periodic mode is to determine these
dependencies. The solution of the system of equations (3)
is the periodic dependencies of the components of the
vector ¥(¢)=X(r+7). The calculation by the stable

method is inefficient for many reasons. In particular, CPU
time is wasted, and if the process is becomes stable too
slowly, then the oscillations at time ¢ are little different
from those for time ¢ + 7, so there is a problem of
determining the time when the transient ends. Finally, the
stable method is practically unsuitable for optimization
calculations.

The most effective approach to calculating a steady
periodic mode is to consider the problem as a boundary
one [7], which allows to obtain periodic dependencies of
coordinates in the timeless domain, that is, without
resorting to the calculation of the transient. To do this, the
system of continuous DEs (1) must be reduced to discrete
ones, which are a point mapping of the dependencies of
the coordinates during the process repetition period. There
are many methods of algebraization in the literature that
have both positive and negative sides: difference,
collocation, including  trigonometric,  differential
transformations, etc. The method, based on spline
approximations of coordinates, developed in [8], makes it
possible to formalize the algebraization process and is
also numerically stable. It allows to obtain continuous
dependencies of coordinates on a period on the basis of
the obtained by calculation their discrete values in nodes
of a mesh on a period. Note that the mesh of nodes can be
taken uniformly. In the system of algebraic equations
obtained by the approximation of variables, the values of
the coordinates in m nodes of the period are unknown. As
a result, taking into account periodic boundary conditions

?(t):?(t+T), )?(t):)?(t+T), we obtain the system of
m*(2n+3) nonlinear algebraic equations, which can be
represented as a vector equation

P(¥)=mZ(7. %), )
in which H is the square matrix of size m(3+2n) of

transition from continuous change of coordinates to their
nodal values, whose elements are determined only by the

mesh step [8]; )—’:(}1,...,},"), Z:(Zl,...,im),
(xl, LX ) are the vectors made up of values of
vectors y, X, Z in m nodes of the period.

By defining from vector (4) the vector X, it is
possible to construct periodic dependencies of all
coordinates, including -electromagnetic of torque,
power, etc.

Direct application of the iterative method to the
solution of system (4) is practically impossible due to the
divergence of the iterative process. A reliable method of
solving the problem is the method of continuation by
parameter [9]. However, in the system of nonlinear

algebraic equations there are two disturbing actions:

applied voltage — vector U =(L71,...,L7m)and vector of

ﬁ:(f,...,fm). It is
impossible to increase them at the same time, so the
problem is solved in two stages, the essence of which is to
increase them alternately in proportion to a certain
parameter. First, we increase the applied voltage, and
then, taking it unchanged, we increase the nodal values of
the applied torque. This makes it possible to determine the
time dependencies of the coordinates in the steady-state
periodic mode of operation of the IM at a given law of
change of the applied torque.

The steady-state mode calculation algorithm is the
basis for the calculation of static characteristics, which
can be obtained as a sequence of steady-state modes
calculated with a set of coordinate values, which is taken
as an independent variable, which can be any value:
moment of inertia, pulse density of the load torque; ratio
between pulse duration and pause, pulse rate, maximum
and minimum torque, period duration, etc. In addition,
under cyclic loading mechanical resonance is possible,
which can be detected by mathematical modelling.

The problem of calculating static characteristics can
be solved by a differential method, the essence of which
is the differentiation of algebraic equation (4) on an
independent variable, for example &, as a parameter. As
a result of differentiation, we obtain a nonlinear system of
DE in the form

nodal values of load torque —

4L
de O

The static multidimensional characteristic as a
dependence of periodic curves on the independent
variable ¢ is obtained by integrating system (5) with
parameter & The initial conditions should be those
obtained as a result of the first stage of the calculation at a
given supply voltage. At each integration step, the result
can be refined by the Newton method. During integration
as well as iterative refinement, it is necessary to determine
the differential inductance of circuits as nonlinear
functions of currents.

Results of investigations. Below are examples of
calculation results performed using the above
algorithms on the example of the IM with short-
circuited rotor 4AP160S4Y3 (P = 15 kW, U =220V,
1=299 A, py=2).

Figure 1 shows the time dependences of the relative
values of the electromagnetic torque (Fig. 1,a4) and the
current value (Fig. 1,b) in the transient during start up of
the IM with cyclic loading, at which the torque of load
varies with the period 7= 0.16 s in the range from idling
to nominal value, the moment of inertia J = 0.5 kg~m2,
and the density is 60 %, and Fig. 2 presents the same
dependencies, but with less moment of inertia
J=0.1 kgm”.

6))
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Figures 3, 4 present an example of calculated by the  presented in this work which correspond dependencies in
method of solving the boundary value problem of periodic  steady state shown in Fig. 2.
curves of current, electromagnetic torque and load,

H H

A MO T
25 2
12 16
I
11 12
0.4 0.g M,
-03 0.4
-1 ¢ 0 ¢
0 T2 T T2 aT 0 T2 T 3T 2 2T
a b

Fig. 3. Periodic dependencies (two periods shown) of the relative values of the load torque (M), electromagnetic torque (M,")
and current (I') calculated at the moment of inertia J = 0.1 kg-m? by the method of solving the boundary value problem
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Fig. 4. Dependence of the electromagnetic torque of the motor
on the relative value of the duration of the period of change of
load (at the point 7/T, = 0.16 there is a mechanical resonance)

Conclusions.

1.The developed calculation methods and
corresponding algorithms make it possible to use
mathematical modelling to analyze the operation of
induction motors with a short-circuited rotor taking into
account the saturation and displacement of currents in the
rotor bars under different laws of change of periodic load.

2. The algorithm of calculation of the steady-state
periodic modes at cyclic loading allows to obtain the
periodic dependencies of coordinates in the timeless
domain, which ensures high speed.

3. The mathematical models developed can be used to
design and analyze the operation of electric drives with
periodic load.
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