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THE RECIPROCITY PRINCIPLE FOR A NONLINEAR ANISOTROPIC MEDIUM
WITHOUT HYSTERESIS: THEORY AND PRACTICE OF APPLICATION

The construction of the correct vector material equations for nonlinear anisotropic soft magnetic materials remains one of the
main reserves for increasing the accuracy of mathematical models in solving magnetostatic problems in the field formulation.
The aim of the work is to establish asymptotic expressions for the reciprocity principle, which is a fundamental property of
reversible magnetization processes of nonlinear anisotropic media, and to use the obtained results to optimize the computational
process when constructing the vector magnetization characteristic and differential permeability tensor. The potentiality property
of the magnetic flux density vector B in H-space is used. The main result of the paper is an illustration, using concrete examples,
of an alternative method for calculating vector magnetization characteristics for one of the orthogonal families. In order to
eliminate the instrumental error and ensure maximum accuracy and reliability of the obtained results, the exact characteristics
for the components of the vector magnetization characteristic obtained by differentiating a special analytical expression for the
potential were used as initial ones. The principle of reciprocity, by virtue of its universal nature, makes a significant contribution
to the theory of nonlinear anisotropic media in the hysteresis-free approximation. Asymptotic expressions for the reciprocity
principle are obtained for the first time. The performed computational experiments on the construction of vector characteristics
based on the known magnetization characteristics in one of the directions confirm almost complete coincidence with the exact
values obtained analytically. The use of asymptotic expressions for the reciprocity principle not only greatly simplifies
computational processes for determining the orthogonal magnetization characteristics, but also implements the calculation of
differential permeability tensors for arbitrary field values. The proposed method can be implemented in applications for
calculating the magnetic field in devices with nonlinear anisotropic magnetically soft materials, primarily with cold rolled sheet
electrical steels, which are most used in electrical engineering. References 12, figures 5.
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asymptotic expressions, magnetic permeability tensor.

Pozenanymo meopemuuni ma npakmuyuni acnekmu nooy0o8u 6eKmMopHUX MamepianbHux pieHAHb HENIHIUNUX AHI30MPONHUX
cepeoosuwy. Iloxazano, w0 icuyrui memoou 00Ky MAZHIMHUX 61ACMUBOCMENl HABIMY 6 (e3cicmepe3UCHOMY HAOAUNCEHHI He
3a624€0U 3A0080ILHAIOMYb 6UMO2AM NOGHOMU U mamemamuynoi cmpozocmi. Iliomeepoiceno eghpexmugnicmo enepzemuynozo
nioxody 00 nooyooeu GeKmMOPHUX XAPAKMEPUCHMUK MAZHIMHO20 cmany makux cepedosuuwy. Ocodnugy yeazy npuoineHo
npunyuny 63aeMHocmi AK QyHOaMeHmanvHill enacmueocmi 000pomuux npouecie Hamazniuyeanna. Bcmanoeneno noei
acumMnRMOmMuYHi eupasu OnNA NPUHUUNY 63AEMHOCHMI | HA YUCTEHHUX RPUKIA0AX NOKa3ana ix eghekmuenicmy npu noodyooei
8eKMOPHOT MoOeni MazHimHo20 cepedosunia 6e3 6UKOPUCMAHHA eHepzemuunozo nomenyiany. bion. 12, puc. 5.

Kniouoei crosa: HeiniHiliHe aHi30TpONHe cepeloBHUINE, BEKTOPHI XapaKTePUCTHKH HAMarHiuyBaHHS,
NMOTeHUiaJl, IPUHLIMI B3a€MHOCTI, ACHMIITOTHYHi BUPa3H, TEeH30P MArHiTHOI NPOHHKHOCTI.

eHepreTHYHH

Paccmompenst meopemuueckue u NPAKMu4ecKue ACHEKmsl ROCMPOCHUs 6EKMOPHBIX MAMEPUATILHBIX YPAGHEHUT HeIUHEHbIX
anuszomponnvix cpeo. Iloxaszano, umo ucnojbvyemvie Memoobl y4ema MAZHUNHBIX CGOHCME 0adce 6 0e32ucmepe3sucHom
npubnudceHuu He 6ce20a y00e6nemeopAIOm mpedosanusm NOAHOmMbL U mamemamuueckoi cmpozocmu. IToomeepicoena
Iphekmusnocms IHepeemuuecKkoz0 nOOX00a K NOCMPOEHUIO GEKMOPHBIX XAPAKMEPUCIMUK MAZHUMHO20 COCHMOAHUA MAKUX
cpeo. Ocoboe enumanue yoeneHo RPUHUUNY G3AUMHOCHIU KAK (QYHOAMEHMANLHOMY CBOUCHEY O00pPAMUMBIX RPOUECCO8
HAMAZHUYUGAHUA. YCMAHO06IEHbl HOBble ACUMRMOMUYECKUE GbIPANCEHUA O NPUHUUNA 63AUMHOCIU U HA YUCTEHHBIX
npumepax noxazana ux Ihgexmuenocms npu NOCMPOEHUU GEKMIOPHOU MOOeNU MAZHUMHOU CcPedbl 6e3 UCNOIb306AHUA
Inepzemuueckozo nomenyuana. bubn. 12, puc. 5.

Kniouesvie cnosa: HellmHeiiHasi aHM30TPONHAsI CpeJa, BEKTOPHbIE XAPAKTEPUCTHKH HAMATHMYHMBAHMS, YHepPreTHYecKuii
NOTEHIHAJI, IPHHIMII B3aHMHOCTH, ACHMIITOTHYECKHE BHIPA:KEHNs, TEH30P MATHUTHOH MPOHUIIaeMOCTH.

Introduction. Advances in information technology
in recent decades have stimulated the development of
methods for mathematical modelling of magnetic fields in
various electrophysical devices [1-7]. One of the
important stages of the practical implementation of
problems in the field formulation is the formation of the
material equations of the magnetic medium, which in
most cases has nonlinear anisotropy. The completeness of
the taking into account of magnetic properties of such a
medium requires the construction of a vector
characteristic B(H). The construction of vector models
based on the scalar dependencies B{H;) for the principal
axes of anisotropy [3, 4], the taking into account of
magnetic anisotropy in the framework of «elliptic
models» [4, 5], and other simplified approaches are more
likely forced than constructive solution and, as shown in

[8], inevitably lead to a loss of information and an almost
uncontrolled calculation error.

Some progress in taking into account of the
nonlinear anisotropy of the vector models B(H) in the
hysteresis-free approximation is associated with the
energy approach [1, 6-10]. The basic relation of this
approach is the expression [11]

§>B dH =0, (1)
LII
where Ly is the arbitrary closed contour in H-space, i.e. in
space, on the axes of which the quantities H; and H, are
plotted and which in essence is the hodograph of the
vector H with an arbitrary cyclic magnetization reversal
of the medium. With such a definition of H-space,
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relation (1) formally coincides with the classical condition
of potentiality, since an expression under the sign of the
integral is the total differential of the potential ¥(H).

The above definition of H-space indicates the
independence of the potential Y(H) from the integration
path in H-space, the eddy-free character of the magnetic
flux density field B, which is the force vector of the field
in this space:

d . .
B=—£"’=gradHYf(H)=nBl<H1,H2>+z2Bz<H1,H2). )

In addition, we note an important consequence of
relations (1) and (2) — the symmetry of the differential
magnetic permeability tensor gy (H):

L D Sk
dH” T o o, Al ol

Ha = = pgji- (3)

In formulas (2), (3), we use the notation associated
with the concepts of the derivative of a scalar and a vector
function with respect to the vector argument used in
vector algebra [12, items 6.2, 6.3].

Energy potentials cannot be measured directly;
therefore, their construction is a difficult problem even in
the two-dimensional case [7]. The basic information for
construction of the potential is a certain set of
experimentally measured magnetization characteristics,
which are used either by their direct integration, or by
selecting the coefficients of some analytical dependence
[7, 8]. Leaving beyond the scope of this paper the known
problems with the accuracy of measuring the magnetic
characteristics of anisotropic materials, we note the
obvious problems with the numerical differentiation of
the potential ¥(H): direct — to obtain the vector
dependence B(H) and repeated — for the differential
magnetic permeability tensor uy(H).

An alternative way to determine the magnetization
characteristics in mutually orthogonal directions without
explicitly defining the potential ¥(H) is the reciprocity
principle, first formulated in [9] and developed in a
number of subsequent publications (see, for example,
[8, 10]). The reciprocity principle is a fundamental
property of an anisotropic medium without hysteresis and
is based on the independence of the potential ¥(H) from
the integration path in H-space.

Let H; <H,<H, and H,<H, <H,. Equation
(1) implies the equality of the integrals S| and S:

H{

Sy = J.[Bl(HlaHZ)_BI(HlaHZ)]'dHl;
" 4)
H 2

Sy = I[Bz(HlaHz)—Bz(Hsz)]'dHr
H,

Energy relations (4) have a simple geometric
meaning: the arecas of the corresponding curved
quadrangles S; and S, are the same. Visually, relations (4)

at Hl'zH'z:o and Hi'zHl*, H; =H>2k are shown in
Fig. 1.
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Fig. 1. Geometric meaning of the principle of reciprocity

In practical terms, the importance of the reciprocity
principle lies in the possibility of constructing a vector
magnetization characteristic B(H) from partially given
information about the magnetic properties of a nonlinear
anisotropic medium.

The goal of this paper is further generalization of
the reciprocity principle (4), in particular, obtaining its
asymptotic expressions and using them to optimize the
computational process when constructing the vector
characteristic B(H) and the differential magnetic
permeability tensor ug(H). As we know, it is this
information about the magnetic properties of the medium
that is used in various computational schemes.

Asymptotic expressions for the principle of
reciprocity.

A. The case of Cartesian coordinates. We write
relations (4) in relation to Fig. 1:

Hy
S1= [IBi(Hy, Hy+0)=By(Hy, Hy=0)|d Hy;
0
. (%)
H,+0
N J[Bz(O»Hz)—Bz(Hl,Hz)]'de-
H,-6

Since relations (5) are valid for arbitrary values of J,
we consider the limiting expressions for the integrals

R =R;:
Hy
* . 1 * *
Ry = lim .[ < [Bi1(Hy, Hy +0) = B(Hy, Hy —6)]dH;
00 0 20
. (6)
Hy+o0 1
Ry=1lim [ —[By(0, Hy)—By(Hy, Hy)]-dH,.
2=lim [ SSUB(0, Hy)=By(dHy. Hy)l-dHy
Hy—6
For small values of o, the integrand in the first
integral (6) can be expressed in terms of differential
magnetic permeability z4,:

. * %
(}IH:)[ABl(Hla Hy)/AH, ] = uq12(Hy, Hy),
.

therefore, the integral Rl* becomes curved and takes the
form
HY
Ry = IﬂdlZ(Hl,Hz)'dHl- (7
0
As for the integral R; , as can be seen from Fig. 1, at

0—>0, the area S, degenerates into a line ab, which
corresponds to the increment of the magnetic flux density

component B, at H,=H ; and 0<H{<H 1* . Therefore
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Hy
Ry —>ab = Jﬂd12(H1aH;)’dHl' (®)
0

Obviously, when the integration limits are
compressed to a point, we obtain the symmetry of the
differential magnetic permeability tensor  uy(H)
established previously by relation (3). Thus, the
reciprocity principle has three possible representations:
point one (at each «point» H) — (3) and two integral ones
—respectively (4) and (7), (8).

We note the important practical significance of the
obtained asymptotic expressions. It was shown in [8] that
the restoration of potential #'is possible from a family of
magnetization characteristics in one direction, for
example, Bi(H), H,) and one orthogonal characteristic, for
example, B,(0, H). As will be shown below, the missing
array of points of characteristics By(H,, H,) can be
obtained without calculating the potential ¥ using
expression (8).

Note that by rearranging the indices, we can obtain
relations similar to (7), (8) for other initial data, for
example, B,(H;, H,) and B,(H;, 0):

H,
* *
Ry = Iﬂdzl(HZaHl)'de; ©)
0
H,
* *
Rl >ed= [pqn(Hy. HY)-dHy,  (10)
0

and Rl* = R;.

B. The case of polar coordinates. Relations (1), (2)
are invariant with respect to the coordinate system. We
assume that the family of «longitudinal» magnetization
characteristics Bj(H, &), where B is the projection of the
vector B onto the vector H, and a is the angle defining the
direction of the vector H is specified (basic) information.
For the vector B, we use the decomposition B = B|(H, o) +
+ B,(H, @), where B,(H, «) 1is the family of
characteristics of «transverse» magnetization orthogonal
to BH(H . CX,).

In view of the above, formula (2) takes the form
00V, 0L OV

oH H O0H
where r °, & are the unit vectors of the polar coordinate
system.

We note the possibility of reconstructing the
potential from a given family of characteristics B(H, o).
So, taking ¥(0) = 0, for an arbitrary point H = (H, o) we
obtain

d¥
B=—=gradyg Y(H) = 11
dH gradyg Y (H)=r (11)

H
Y(H)= J.BH(H, a)-dH
0
1 o¥
and B, (H,at)=—-—.
L(H,2) q a
As in the case of Cartesian coordinates, to calculate
the orthogonal characteristics B,(H, o) without

calculating the potential, we use the reciprocity principle.

Let H <H<H and o <a<a .We have the equality
of integrals S| and S5:

H
S1= [1B(H,a)=B,(H,a"))-dH;

" (12)
o

S, = J.[H~BL(H ca)-H"B,(H, &)]-da.

he

The proof and illustration of relations (12) are given
in [9]. We establish the asymptotic properties of the
reduced integral reciprocity principle, similar to relations
(9) and (10). Let H = (H, o) be given — some point in
the intervals H <H' < H”, a <a <a and J, — the
deviation of the angle o from this point. Then, by analogy

with (5) for H'=0 and H' =H~ (Fig. 2)

5

H
St = [1B(H, &" +8,)-B(H,a" ~5,)]-dH;
0
a*+5a
Sy= [-H"B (H, &) -da.
a*—éa
Limit expressions for these relations

s’

H
R, =§iu_r)10£E[B\\(H,a +8,)-B(H, & —5,)]-dH;

(13)

(14)
a*+5a 1
R, = li — H'B(H,a) da
) 5a1m J- 2, 1 ( a)-da
a =0,

The first integral in (14) can be expressed in terms
of the differential magnetic permeability t4z,. The
integral R;, as can be seen from Fig. 2, for §,—0, by
analogy with (7), (8), degenerates into the line cd:

Hf
Rl >ed= [mapo(H, a")-dH.
0

Since for H=0 H-B, =0 for all ¢, the value of the

segment cd determines the value of HB/(H") and,

therefore, B,(H). Similarly, we can calculate the
remaining components of the array B, (H).

(15)
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Fig. 2. Geometric meaning of the principle of reciprocity
for polar coordinates

Computational experiments and discussion. In
order to ecliminate the instrumental error and ensure
maximum accuracy and reliability of the results, we use
the exact magnetization characteristics Bj(H;, H,) and
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B,(H\, H,) obtained by differentiating the potential given
in [8] (Fig. 3,a,b).

Fig. 3. Nonlinear anisotropic medium magnetization
characteristics obtained by differentiation of the potential [8]

It follows from the reciprocity principle that the
family of characteristics B,(H,, H,) can be calculated
from the characteristics Bi(H;, H,) and one of the
characteristics B,(H;, H,), for example, B,(0, H,). This
information is reflected in Fig. 3,a,b by the symbols «e«
for nodes in which the values of magnetic flux density
will be considered known. The symbols «*« correspond
to the calculated values obtained by using expression (8)
for the missing mesh nodes. From Fig. 3,b, one can see
almost complete coincidence with the calculated
dependences B,(H) (solid lines).

The algorithm of «filling» information on the
magnetic properties of a nonlinear anisotropic medium is
as  follows. Using the known array of
characteristics B; (H), by differentiation we obtain three
components of the tensor wy(H): uq(H) =
= aBl(H)/aHl, ,Udlz(H) = aBl(H)/aHz = ,Ltdzl(H).
Then, using expression (8), we find the corresponding
values of the integrals ab, the subtraction of which from
the values of the given characteristic B,(0,H;)
determines the family of characteristics B,(H) and,
ﬁnally, Iudzz(H) = aBz(H)/aHz .

To confirm, we give some numerical examples. We
choose two arbitrary vectors of magnetic field strength H,

for example, H " = (450, 600) A/m and H @ = (1120,
375) A/m. The calculated values of the corresponding
magnetic flux density vectors B = (1.259, 1.005) T and
B ? = (1.669, 0.275) T. And here, if the values of the B,
components (1.259 T and 1.669 T, respectively) are
obtained by spline interpolation of a given array of nodal
values of the magnetic flux density Bi(H;, H,) (see
Fig. 3,a), then the corresponding values of the B,
components are calculated by the above technique
without calculating the potential ?. The exact values of
the magnetic flux density vectors obtained by using the
analytical expressions from [8]: B " = (1.259, 1.022) T,
B®"=(1.670, 0.257) T. The mismatch angles between the
vectors B and H are respectively equal 9.75° and 14.07°.

We also give the calculated and exact () values of
the differential absolute magnetic permeability tensors for
given values H "V and H @

-for H=H®"
1.28247 -1.25014
”((il)zﬂdll Hdiz | _ 03, ,
,ud21 ,Ltdzz —125014 154950
* 1.26986 —1.23883
i =107 ;
-1.23883  1.56906
- for H= H®
0.53929 —-2.19504
uP =107 ,
—-2.19504  10.7357
0.53756 —2.21087
u®" =107 .
—2.21087  11.2446

We note that the given values of the tensors uq(H)
are local, therefore, from the fact that for the selected
values of the field strength vectors g™ w11, it cannot be
concluded that the H, axis is the direction of easy
magnetization. As will be illustrated in Fig. 4, this
direction is the axis H.

We also note one of the useful consequences of the
integral reciprocity principle: at the same scales for the
corresponding components of the vectors B and H, the
areas bounded by the limiting magnetization curves are
the same, since according to (4) the areas of all the
corresponding curved quadrangles are the same. For
shown in Fig. 3,a,b boundary characteristics B(H;, 0) and
By(H,, 1200), B,(0, Hy) and B,(1200, H,), by integration
almost identical values were obtained: 880.4670 J and
880.4688 J. This property can be useful in conditions of
limited information on the magnetic properties of an
anisotropic medium, when only two characteristics are
specified in orthogonal directions.

To further illustrate the anisotropic properties of the
considered medium, Fig. 4 shows the hodographs of the
vector H (semicircles of radii of 1200, 600, and 300 A/m)
and the corresponding hodographs of the magnetic flux
density vector B. The anisotropy of the medium is
manifested by a pronounced nonlinear dependence of
magnetic flux density on the field strength, more «easy»
magnetization in the direction of the H, axis, and
significant mismatch between vectors B and H in almost
the entire range of field changes.
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Fig. 4. Hodographs of the change of vectors B and H
of a nonlinear anisotropic medium

Figures 5,a,b show the magnetization characteristics
for the polar coordinate system (H, o), which are obtained
by recalculating characteristics presented in Fig. 3,a,b. As
in Fig. 3, the symbols «e» mark the nodes of the
«longitudinal» magnetization characteristics with known
magnetic flux density values at H =0:200:1200 A/m,
0=0:7/12:7/2, and the symbols «#*» correspond to the
calculated values obtained using the expression (15) for
nodes of the «transverse» magnetization characteristics
B L (H N )

B,.T

0.8

0.4

600 800 H, Aim

o S 7 D" S

200 |-

100 e L

S
N
- ——

-y
w
o
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Fig. 5. «Longitudinal» — @ and «transverse» — b characteristics
of magnetization of an anisotropic medium obtained
by recalculation of characteristics in Fig. 3

The calculation algorithm for the given characteristics
B, (H,a) of the magnetization in the orthogonal direction

B, (H, ) and the differential magnetic permeability tensor

uq(H) remains almost the same as in the case of Cartesian
coordinates  described above: according to the
characteristics B, (H,a), we first determine the three

components of the tensor uy(H): ptann = 0B/ O H, pana. =
1 1
= L OB/0a = pas = E@(H-Bl)/aH. Then, by

integration according to expression (15), we find the
values H-B,|(H,a) for all H = const and, finally, the

. 1
values of the missing component g g,, = EGB | /oa.

The validity of the obtained results is confirmed by
numerical calculations. For previously accepted values of
the magnetic field strength vector H" = (450, 600) A/m =
=(H, a) = (750 A/m, 39.06 °) and H?® = (1120, 375) A/m =
= (1181 A/m, 8.758°) «calculated values of the
corresponding magnetic flux density vectors B (V' =
= (B, By) = (1.574, 0.392) T and B ® = (1.666, 0.283) T.
Exact values of magnetic flux density vectors obtained
using analytical formulas from [8]: B " = (1.573, 0.394) T,
B%"=(1.666, 0.286) T.

In conclusion, we note that the integrand in the
integral (1) characterizes the change in the density of the
co-energy of the magnetic field spent on the cyclic
magnetization of the medium. The results obtained can
easily be transferred to a similar integral for the energy
density HdB, the use of which leads to the vector
dependencies H(B), namely H,(B,, B,) and H,(B;, B,) or
H(B, a) and H,(B, a) depending on the selected
coordinate system.

Examples of the use of the results obtained in
relation to anisotropic electrical steels will be the subject
of special consideration.

Conclusions.

1. The task of constructing the correct vector material
equations for nonlinear anisotropic soft magnetic
materials remains one of the main reserves for increasing
the accuracy of mathematical models in solving
magnetostatic problems in the field formulation.

2. An effective direction for solving this problem,
which has been actively developing in recent years, is to
use the energy approach to constructing the vector
characteristics of magnetization. ~However, the
impossibility of directly measuring energy potentials, the
complexity of the analytical description and ensuring
accuracy with double differentiation to determine the
differential magnetic permeability tensor make the task of
constructing them quite time-consuming.

3. An alternative technique of constructing the vector
characteristics of magnetization is to use the reciprocity
principle, which is valid for media with reversible
magnetization processes. Its main advantage is the ability
to directly recalculate the magnetization characteristics in
one of the directions according to the specified
magnetization characteristics in the orthogonal direction
without calculating the energy potential.
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4. The asymptotic expressions for the reciprocity
principle established in this paper, which are universal in
character for arbitrary magnetic media in the hysteresis-
free approximation, open up additional possibilities for
optimizing computational processes and increasing the
accuracy of numerical methods for solving magnetostatic
problems in the field formulation.
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