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MAGNETIC PROPERTIES OF MULTICOMPONENT HETEROGENEOUS MEDIA
WITH A DOUBLY PERIODIC STRUCTURE

Heterogeneous media have a wide range of practical applications. Media with a doubly periodic structure (matrices of high-
gradient magnetic separators, etc.) occupy an important place. Their study is usually based on experimental and approximate
methods and is limited to simple two-phase systems. The development of universal and accurate methods of mathematical
modelling of electrophysical processes in such environments is an urgent task. The aim of the paper is to develop a method for
calculating local and effective parameters of a magnetostatic field with minimal restrictions on the number of phases, their
geometry, concentration, and magnetic properties. Based on the theory of elliptic functions and secondary sources, an integral
equation is formulated with respect to the magnetization vector of the elements of the main parallelogram of the periods. The
calculated expressions for the complex potential, field strength, and components of the effective magnetic permeability tensor are
obtained. The results of a series of computational experiments confirming the universality and effectiveness of the method are
presented. As an example of a practical application, a detailed study of the field of the magnetic forces of the matrix is carried
out: the lines of magnetic isodine and potential extraction areas for a complex version of the matrix are constructed. Within the
framework of the developed method, the calculation of local and effective field characteristics is carried out by solving the field
problem in the field of an arbitrary parallelogram of periods without specifying boundary conditions on its sides with a
comprehensive consideration of significant interdependent factors. The practical value of the method is to create new
opportunities for improving the technical characteristics of electrophysical devices for which the universality and accuracy of
calculating local and effective field characteristics is decisive. An algorithm for optimizing the characteristics of the separator is
proposed. References 16, figures 11.

Key words: doubly periodic heterogeneous medium, integral equation, magnetization vector, strength field, homogenization
problem, magnetic permeability tensor, polygradient separation, matrix, magnetic forces.

Buknaoeno memoo po3paxynKy MazHimoCmMAmuyHoz0 NOAA 6 O080AKONEPIOOUYHOMY 2eMePOZEHHOMY Cepedosuudi.
Ccopmynvosano inmezpanvne pieHAHHA BIOHOCHO GeKmMoOpa HamazHiyeHocmi enemenmis cepedosuuia. Pospaxynox
XapaKkmepucmuk noas 6UKOHYEMbCA WAAXOM GUPIUIEHHA NOIb0GOT 3a0aui 6 001acmi 0CHOBHO20 nRaApanenozpama nepiodis ve3
3A0AHHA ZPAHUYHUX YMO8 HA 11020 cmoponax. Ompumano po3paxyHKosi upaszu O01as HARPYICEHOCMI nons i men3opa
Mmaznimnoi nponuxknocmi. Hasedeno pesynbmamu 004UCI108AIbHUX eKCREPUMEHMIB, W0 NIOMEEPO}HCYIOMb YHIGEPCATbHICHb
i egpexmuenicmo memody. Ilposedeno Oemanvne O0O0CHIONCEHHA NOAA MAZHIMHUX CUN MAMPUYL BUCOKOZPAJIEHMHO20
MmazHimnozo cenapamopa. Memoo 6i0Kpugac Hogi MOMCAUBOCHI NIOGUUWEHHA MEXHIYHUX XAPAKMEPUCMUK eleKmPOogizuunux
npucmpoie, 0na AKUX yHieepcanvbHicmbv i MOYHICMb PO3PAXYHKY JIOKANbHUX | eQEeKMmUGHUX XAPAKMEPUCMUK RO €
euznauanwvnor. bion. 16, puc. 11.

Kniouoei crosa: pBosikomepiofM4He reTeporeHHe cepeloBHINE, iHTerpajbHe pPiBHAHHSA, BEKTOP HAMAIrHIYeHOCTi, moJe
HANPYKEHOCTi, TEH30p MArHiTHOI MPOHMKHOCTi, BUCOKOIPA/liEHTHA cenapauisi, MATPULS, MATHITHI CHJIH.

H3noicen memoo pacuema MAZHUMOCHMAMUYECKO20 NOJA 6 080AKOREPUOOUYECKoU 2emepozeHHoul cpede. Chopmynuposano
UHmMezpanbHoe YypasHeHue OMHOCUMENbHO 6EKMOPA HAMAZHUYEHHOCHU )llemeHmos cpedvl. Pacuem xapaxmepucmuk nons
ocyuwecmensiemcsa nymem peuwleHus Nnoiesoill 3a0auu 6 001acmu OCHOBHOZ0 RAPAINEN0ZPAMMA REPU0O08 0e3 3a0anusn
ZpanuynbIX ycnosuil Ha e2o cmoponax. Ionyuenst pacuemnovie goiparicenus 011 HANPANCEHHOCHU NOJISL U MEH30PA MAZHUMHOU
nponunyaemocmu. Ilpueedenvr pesynomamol GbIYUCTUMENbHBIX IKCHEPUMEHNO08, ROOMEEPHCOAIOWUX YHUBEPCATIBHOCHL U
apghexkmusnocmo memooa. Ilposedeno Oemanvnoe ucciedoganue NOaA MACHUMHBIX CUTL MAMPUYDBL 6bICOKOZPAOUEHMHOZ0
MazHummnoz2o0 cenapamopa. Memoo omKpvlieaem HOGble G03MOMNCHOCMU NOGLIMEHUA HMEXHUYECKUX XaAPAKMePUCmuK
INEKMPOPU3UYECKUX YCMPOUCME, 017 KOMOPHIX YHUEEPCATbHOCMb U MOYHOCHIL pPAcYema JIOKAIbHLIX U IPdhekmusHbix
Xapakmepucmuk nous asasemcs onpedensiouweii. butn. 16, puc. 11.

Kniouesvie cnosa: NBOSIKONEPHOINYECKAsl TeTepOreHHasl cpeJa, HHTerpajbHoe YpaBHEHHE, BEKTOP HAMAarHUYeHHOCTH, ToJie
HANPSZKEHHOCTH, TEH30P MATHUTHOI MPOHUIIAEMOCTH, BLICOKOTPAIHEHTHAS cenapanus, MATPUIA, MATHAUTHBIE CHJIBI.

Introduction. Heterogeneous media (HM) are M. Hori, W.T. Perrins, D.R. McKenzie, R.C. McFedran,

widely used due to a wide range of their practical
application: magnetodielectrics, semiconductors,
mixtures, solutions, composite and reinforced materials,
electrostatic and magnetic filters, etc.

The theory of HM originates from the classical
works by J. Maxwell and J. Rayleigh, which dealt with
determining the effective parameters of the HM with
canonical inclusions in the shape of cylinders and spheres
(the problem of homogenization). Subsequently, these
investigations were developed and summarized by many
authors: K.M. Polivanov, V.M. Finkelberg, A.V.
Netushil, B.M. Fradkin, V.I. Odelevsky, L.D. Stepin,
B.Ya. Balagurov, Yu.P. Yemets, V. Buryachenko, M.
Kharadly, W. Jackson, K.Z. Markov, S. Nemat-Nasser,

P.D. Qyuivy, S. Torcuato and many others.

Various aspects of the theory and practice of HM
were actively developed in Ukraine, in particular, by
researchers of the Institute of Electrodynamics of the
NAS of Ukraine. Particular attention was paid to the
development of methods for analyzing electromagnetic
fields in electrically conductive, dielectric, composite
and heterogeneous systems at the Department of
Electrophysics of Energy Conversion. Yu.P. Yemets
developed analytical methods for analyzing electric
fields using methods of integral equations and complex
variables. 2D two-component systems with a regular
distribution structure of inhomogeneities are considered.
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The main effective parameters of two-component
dielectric and conductive media with canonical
inclusions are determined: conductance,
magnetoresistance and Hall coefficient. Research results
by Yu.P. Emets and his followers in this direction are
presented in the monograph [1].

Based on the multipole expansion of high orders, the
classical J. Maxwell and J. Rayleigh formulas on
spherical and circular cylinders in a rectangular matrix in
[2] are generalized and developed for the case of elliptic
cylinders and spheroidal elements. There, for the first
time, a fairly general field formulation was considered on
the doubly periodic problem of magnetostatics for a
nonlinear inhomogeneous anisotropic medium with
periodic inclusions and with complex geometry of
elements.

In recent years, the scope of HM has been steadily
expanding: the study of nanocomposite materials [3],
ferromagnetic perforated membranes (magnetic sieves)
[6], and other devices for micromagnetic separation of
ultrafine magnetic particles [5]. More actively in the study
of the properties of the HM the capabilities of modern
information technology are used.

Significant place in the theory and applications of
HM occupy the tasks associated with the use of a
magnetic field. In particular, one of such problems is the
synthesis of filter matrices of high-gradient magnetic
separators (HGMS) for maximum extraction of weakly
magnetic minerals. The need for these devices arose in the
middle of the last century due to the depletion of reserves
of rich raw materials against the background of the
rapidly developing technology of homeless metallurgy
and the growth of requirements for the quality of steel
[6, 7]. Various types of HGMS (Jones, Sala-Carousel,
Boxmag Rapid, Krupp-Sol-24/14, 6-ERM-35/135,
VGS-100/2, etc.) were created. The operation of these
separators showed that at high weight and size parameters
(for example, the Jones separator DR 335 with capacity of
180 t/h has a rotor diameter of 3.35 m and mass of 114 t)
and specific power consumption they do not always
provide the required technological parameters of
enrichment. Therefore, the development of new HGMS
designs continues, and the optimization of their technical
parameters remains an urgent task.

A distinctive feature of the HGMS, which largely
determines their effectiveness, is the use of magnetic
filters of the matrix structure, the elements of which have
complex geometry and high concentration to increase the
magnetic field strength and its gradient. The study of
various types of matrices is the subject of attention of
many authors. A review of the current state of this issue
with an extensive bibliography is given in [5]. The
interest in this issue is explained by the fact that the
matrix significantly affects productivity, separation
efficiency, and operating cost. Ideally, it should, with high
extraction efficiency, provide the maximum specific
capture volume of the useful mineral with the minimum
possible pulp resistance.

Optimization of matrix parameters is associated with
a compromise between a large number of factors affecting
its effectiveness. The magnetic force acting on a particle
with volumetric magnetic susceptibility y and volume V,

F=uyyV|H\grad(|H]). In this expression, the last two
factors are related to the magnetic system of the separator
and its matrix, and the rest are related to the extracted
magnetic material. If justification of the holding force
|Flpnin for specific parameters y and V is the task of
technologists, then ensuring the necessary value of the
value of F =|H|grad(|H]), at which |F| > |F|, is a rather
complicated task requiring special research. Obviously,
the F~ value is important for extraction, not the |H| and
grad(|H|) values separately. Moreover, the «weight» of
each of the factors is far from obvious. The increase in the
field strength H is associated with an increase in the
power and, ultimately, the mass and size parameters of
the separator. Since here the magnetic field gradient does
not change significantly, an increase in the magnetic field
strength «blindly» does not necessarily lead to an
improvement in the separation efficiency in practical use
[7]. As for the field gradient, the possibility of increasing
it is potentially much greater, since it substantially
depends on the size of the matrix elements and their
shape. But here, a compromise solution should be sought,
since for selective separation it is necessary to coordinate
the dimensions of the matrix element with the particle
size distribution. In addition, the large heterogeneity of
the matrix field and especially of its gradient greatly
complicates the task of ensuring the maximum capture
zone while eliminating the possible blocking of the
matrix. This explains a large number of studies on
precisely the geometric parameters of matrix elements.
For example, in [8], the expected decrease in the magnetic
force with an increase in the number of sides of regular
polygons has been confirmed by calculation. The studies
of many authors (see, for example, [7, 9, 10])
recommended the optimal parameters of triangular gear
plates, although due to a more uniform force field,
replacing triangular elements with elements with a lower
surface steepness can increase the ability to collect small
particles. On the contrary, the patent [11] proposed
strengthening the forces for the extraction of a fine
fraction by replacing rods of circular cross section with
rods with a diamond-shaped cross section (with a
reduction in the size of the capture zone). The publication
[12] recommended as promising rod matrices with an
elliptical cross section. A number of works (see, for
example, [13]) discuss the feasibility of using a
combination of rods with different diameters or different
cross-sectional shapes, as well as changing the order of
their grouping.

A feature of the listed works is their particular and
sometimes contradictory nature, as well as the
predominant orientation to simple forms of matrix
elements. Unfortunately, they do not give an idea of the
local distribution of the field of magnetic forces in the
working space of the matrix formed by elements of
complex geometry and arbitrary concentration, especially
when there are difficulties with the formation of boundary
conditions in order to localize the calculation domain.

The wide variety of matrix elements used (balls,
corrugated plates, rods, nets, spirals, wire wool, etc.)
significantly complicate the development of a universal
mathematical model for calculating the force field of
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HGMS matrices. At the same time, the most common
type of rod matrices, which are characterized by
periodicity along the plane coordinates, should be
selected. As shown in [2, 14], to study such media, the
natural mathematical apparatus is the theory of doubly
periodic (elliptic) functions, the use of which allows one
to efficiently solve doubly periodic problems for HM in a
fairly general formulation.

The goal of the paper is the development of a
universal method for calculating the magnetic and force
fields of a heterogeneous medium with a doubly periodic
structure without significant restrictions on the number of
phases, their geometry, concentration, and magnetic
properties.

Basic definitions and properties of doubly
periodic systems. The first and indispensable condition
for the investigation of multicomponent HM is the
determination of the main periods @; and @,, which are
the constituents of the main parallelogram of the periods
0 (if it exists). The unequivocal answer to this question is
not always obvious, since, as will be shown below, even
the doubly periodicity of all phases of a multicomponent
HM does not guarantee its doubly periodicity as a whole.

Consider a pair of complex numbers @; and @,, with
Im(7=w,/@,)>0. Points u and v of the complex plane are
called congruent if they are connected by the relation
u=vmod(w,, @) [15] or

u=v+mew,+myoyatmy my=0,£1,+2, ... . (1)

A parallelogram with vertices wuy, ugt, ugtm,,
ugtao+aw, will be called a parallelogram of periods
constructed on periods @; and @,. Obviously, the set of
congruent points corresponds to an infinite number of
parallelograms of periods covering the entire complex
plane without overlapping.

The concept of a doubly periodic (elliptic) function
occupies an important place in the subsequent analysis.
Denote @=m;-@, + my-@,. The function f{u) with periods
o will be called doubly periodic, and @, and @, — its main
periods.

From the theory of elliptic functions, it is known
[13] that a pair of main periods (@, @,) is not unique. If
for arbitrary integers m, m, and m/, m, the sets of points
w=my-@, + my @, and @=m/-w/+m; -, coincide, then
the pairs of periods @ and @’ are equivalent. Here, a pair
of periods (@, @) is equivalent if and only if to a pair of
periods (w/,®;) ,when the relation w, = @+ [,
®, = yra,+ oo is valid, where ¢, f, y, 0 are the integers
that satisfy the condition a6 — Sy =1 at Im(@,/ @,)>0.
Examples of equivalent periods for two sets of congruent
points are shown in Fig. 1.

We note some more obvious statements. The areas
of equivalent periods are the same, and the area of the
main parallelogram (2 with periods (@, @,) is minimal.
We will also call two parallelograms with periods (@, @)
and (w/, @,) similar if the directions of the periods @; and

, , o
®/ , @ and o, and coincide.

Fig. 1. Sets of congruent points and their corresponding
equivalent parallelograms of periods

The concept of a doubly periodic HM is more
complicated than the concept of a doubly periodic lattice,
since in addition to geometrical properties it is also
necessary to take into account the physical and other
properties of individual phases, their arrangement in the
parallelogram of periods, etc. Moreover, the set of HM
can correspond to the same period lattice. For example,
we establish a correspondence between doubly periodic
HM shown in Fig. 2 and lattices of periods of Fig. 1.

c d

Fig. 2. Examples of doubly periodic multicomponent HM
corresponding to the lattices of Fig. 1: two-component — a;
three-component — b and c¢; six-component — d

Note an important point on the example of Fig. 2,a.
The main parallelogram for the set of congruent points is
the small square. At the same time, it cannot be the main
parallelogram of the HM, since, for example, the entire
complex plane cannot be covered by the yellow phase.
Therefore, for this HM, the main parallelograms of the
periods correspond to Fig. 1,a (each of them includes two
elements of the yellow and blue phases). HMs, shown in
Fig. 2,b,c,d correspond to Fig. 1,b. Indeed, considering in
Fig. 2,b,c the system of congruent points of the yellow
phase (for example, the upper points of the elements) we
see that they coincide with the period lattice of Fig. 1,b.
The same can be said about other congruent points of the
yellow and two other phases. More complicated HM of
Fig 2,d also corresponds to Fig. 1,b. After turning Fig. 2,d
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(or coordinate systems) at 30° it can be seen that
topologically Fig. 2,c,d are the same. The only difference
is that each element of the phases of Fig. 1,c corresponds
to three elements of the two phases of Fig. 2,d. Here, as it
is easy to see, the sets of the corresponding congruent
points of all six phases coincide with the lattice of periods
in Fig. 1,b.

Shown in Fig. 2 multicomponent HMs have obvious
doubly periodicity with the same lattice parameters for the
periods of each phase within the HM. As will be shown
below, in this case, the main periods of the HM generally
coincide with the corresponding periods of the phases.

A number of important conclusions can be drawn
from the analysis performed. In particular, it is legitimate
to introduce the concept of congruent areas, whose
geometry is fully reproduced in each parallelogram of
periods. Moreover, these areas can be multiply connected
and multicomponent. This follows from the statement that
each period parallelogram of system (1) owns only one
point of this system [15]. Considering the set of arbitrary
points v with the sets of congruent points (1) generating
them, we naturally come to the concept of congruent
doubly periodic domains.

We will illustrate some additional features of a
doubly periodic HM using the example of a complex HM
shown in Fig. 3.

The discrete phase of this HM is represented by
three fractions — red, blue and green. The main
parallelograms of the periods of these fractions are
highlighted in the corresponding colors. They are similar
(i.e., the corresponding sides of the parallelograms are
parallel), but have different basic periods and
concentration of inclusions. For example, if for the green
fraction introduce the designation .Ql:(a)l, @,), then for
the red fraction .Qz=(a)1, 2-a»), and for the blue one
2°=(3-m,, ). Note that each of the highlighted main
parallelograms of periods £2' has a set of equivalent ones,
however, for the HM under consideration, all of them are
reduced to similar ones. This procedure is necessary to
answer the important question: is this HM a doubly
periodic, and if so, what are the main periods of this
medium. This question was posed in [16]. therefore, we
confine ourselves here to some refinements and additions.

A
N

()
A
L)

A

AAAAAAAAAAAA
Fig. 3. Basic parallelograms of periods 2", 22, ©2°
of separate phases and equivalent parallelograms of periods
Qand Q' of a three-component HM

N = lem(1,

The condition of doubly periodicity of a
multicomponent HM. Let some multicomponent HM is
composed of a number of doubly periodic HMs of a lower
level. Denote by {2’} the set of primitive lattices
o' =(o, ®),i=1,2,3, ... P. In the simplest case, when

o =n"-&, o) =m- o, where @ and @, are some

complex numbers, Im( cbz/ @ )>0, and n', m' are the

arbitrary natural numbers , the HM under consideration is
doubly periodic and its main periods @;, @, are defined as
follows. Denote by N and M the least common multiples
for the sets {n'}, {m'}: N = lem(n', n* ..., n"),
= lcm(ml, m?, ..., m"). Then w=N- @,, »=M-&, . For
example, for the HM considered in Fig. 3,
1, 3) =3, M = lem(l, 2, 1) = 2. Thus,
=3-@,, ®=2-&, . In Fig. 3 two equivalent periods of
HM Qand Q' are highlighted in yellow.
Note several important consequences of the analysis
carried out.
1. A necessary condition for doubly periodicity of
the HM is the existence in the set of main periods of the

phases {£2'} of a subset of similar periods { £2" }.
2. The doubly periodicity and similarity of periods

{£2"} does not guarantee the doubly periodicity of the
HM as a whole. For example, let
o =a, @ =b,0,=w,, and a # b are any irrational
numbers, for example, a = e, b = m. Obviously, it is
impossible to select integer multiplicities for the specified
periods.

3. At a linear displacement of the
parallelogram of periods (2 or when moving to the
equivalent parallelogram, all congruent components
(or their parts), the concentration of individual phases and
physical parameters that are doubly periodic, such as the
magnetization vectors in the corresponding congruent
points, are conserved. This is important in the practical
solution of problems on the definition of local and
effective parameters of HM.

It should be noted that the establishment of the fact
that the HM is doubly periodic and the determination of
its main periods significantly expand the possibilities of
investigation the HM, since it provides the possibility of
applying the theory of elliptic functions and limits the
scope of analysis by the main parallelogram of periods.

Basic calculation relations. In the complex plane E,
we consider a medium with a regular structure formed by
a set of congruent groups of magnetics, each of which
corresponds to a bounded (in the general case multiply

main

connected) domain D,,,= UD;” with a sufficiently smooth
,kym,n=0,%1,12,..).
For convenience, we denote the domain Dy
corresponding to the main parallelogram (2 with periods
@, and @,, by D. Accordingly, Sp=S and D =DUS. The
region external to the magnetics is denoted by D .=E\D,,,.

Let B=B/(H, z) be a known function that, in the
general case, defines the inhomogeneous, nonlinear and

boundary S,,=US’ (j =

mn
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anisotropic properties of the set of congruent elements
J,z € Dy If zeD,, then B=g4H.

Consider a system of dipoles with identical moments
M located at the points &= {mod(@;, @,). Their complex
potential and field strength [2]

WM(z>=;”—n-4“<z—

$)+C(z-9), 2

HM(z)=—Vm<z)=——é( &-C so(z &)-C,(3)

where {(z—¢) = (u), p (-9 :go(u) are the Weierstrass
functions, and a bar over a complex number means a
conjugation operation.

Without loss of generality, we combine the period
o, with the x axis and take Im@,=0. Taking into account
the Legendre relation [13]

M- =1 =21,

for the constant C we obtain the expression [2]

C=—i 771+M . =j'M2 _M_iz
2n a)1 , w0, 2t o )
_jImM M ’
F, 21 o,

where M, M, is the decomposition of the vector M in the
directions of the periods @, and @, F=o;- Ima, is the
area of the main parallelogram of periods 2

Let J(z), zeD be the distribution of magnetization
arising under the action of the field of primary sources
Hy(z). A joint consideration in the domain D of the action
of primary and secondary sources (the magnetization of
all magnetics in E) leads to expressions for the complex
potential and intensity [12]:

W(z)=W,(2)+W,(z) = W(Z)+ IJ(é) [C(z=6)-

| )
o GOl dr e [ImIEQ) G- 9)-dr
H(Z):Ho(z)+HJ(Z):HO(Z)+2LX
T
- Im P (6)
«J7 (){@(z—ﬁh }dr 2T

where P is the full dipole moment of the main
parallelogram (2. The integral in (6) is singular.

Let us consider in more detail the linear case:
B=u]H = uy /-H, B, = uyH for zeD and zeD,,
respectively. In this case, outside the domain D J(z)=0
and the problem of calculation of the field characteristics
at an arbitrary point of the HM is reduced to calculation
of the distribution of the magnetization vector J(z) in D.

Introduce the integral operator that is important for
the analysis below [2]

1,7 ———jJ(g’) {(o(z §)+"l}d JA P

()

Q

Denote B = y,'B and consider a chain of equalities:
J=B-H=(u-1)-H;B,+H,=1I,J;

. . ®)
B+H=(u+1)H=2H,+B,+H,=2H,-1I_J.

From (7), (8) it is easy to obtain an integral equation
for the medium magnetization vector J(z), zeD:
J(2)=A-QH,(2)-11,J) =

0

o m imp| @
=ﬂ{zHo(z)+1IJ<§)-{so<z—¢)+i}drf+2J Imf’},
Th @, F,

where A=(p—1)/(p+1).

We give one more expression for the singular
operator I1,J. Denoting by o, a circle of small radius ¢,
and by D,=D\o, a domain D with punctured point z = &
expression (7) is transformed to

=1 J(f)'a{é(z—é)—l(z—é)}dr .
T, 2]

2j-mP 1 1
+JTQ:_E J o, {J(g).{g(z-g)—%(z—g)}}drg— (10)

2j-ImP

—1-j ag[g&—ff)—ﬁ(z—f;)}dr;Jr
T 5 a Q
It is easy to establish that

P=[J(&) dz, = [{0,[&-J(&)]-&-0,J}-dr,. (11)

Applying the Green formula to (10), (11), assuming
the differentiability of the function f

jagf dr,= —— j f<§>d§+— [ - a2
e
and takmg into account that the integral (12) along a
circle of a sufficiently small radius ¢is zero, we find:

P=[J(&)-dr, = [{0,[¢-J(£)]- &0,y dr, =

1 —
:_?j.lg.J(g)-dg—ig.aészg.

Here S is the boundary of the domain D (in the
general case, multiply connected). At A(z)=const 0:/=0,
therefore, the singular operator /7, J is expressed through

the surface (boundary) integral

1, =%-IJ(:)-{g(z—i)—i@—é)]df—
% Dy
(13)
1 —
—F—Q-Rehé-J(é)df}.

The practical implementation of the basic
relations. Let us now consider some questions of the
practical use of the expressions obtained. We represent
the domain D as a set of triangular elements D=UD" with
a constant magnetization J* corresponding to the center of
gravity & of triangle D*. In this case, the solution
J(z)=UJA(z) can be obtained by simple iteration method
for the equation

=J.(z")=21-H! +— ZjJ L(E)x

- L (14)
{p(zm—gyrg}.d 1(5 )-dz,.
(m=1,2,3,. =1,2,3,..).
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If we consider the magnetized domains D" as dipoles
with magnetic moments M* = J*A7, located at the points
£ then (14) is greatly simplified:

=24 H”’+— >[4l Ih A+

ka

(15)

Az,
k  pk
where Amk=g0(z -+ .
The calculation of A4, values can be performed
using the formulae [15]

g
47_52 1 0 (l_qu .h—Z )2
S/J(u)Jri:——z' ﬁJFZ W »(16)
@, 2 (h h ) r=l q -h
(1_q2r.h2)2
orat—-Imz<Im v<Imr
2 2 ©
n b 8 q
Uy+—=———-——- cos(2m-nv), (17
o @ @ sin’ (@) of ;1—61 @), ()

where u = " =2"-&, g = exp(jn 1), v=ulw,.

For uniformly magnetized triangles, the integrals in
(14) can be calculated analytically. Applying (13) for the
k-th triangle and taking into account that [15]

d d
é’(u)——lu :d—lnz91(v,r) :—d—é: 11'1191(V,T), (18)
we obtain

- 2"— RICEICRR S

1 . -
—— Y Re|J"- | &-d& | =
L { Jeaf
Uklng(z —Z’)+ak,,ln19(z -

wInG (2" =z")

—— Y Re| J*- | £-d& .
In this expression S* is the boundary of the -th

triangle, z, 2, 7 are the complex coordinates of its
Vertices, a/a’j: Ay — al’j, al’jk = Cl,‘j - ajk, ajk,' = ajk — g,
am=(z"=2"(z"=2z"), m, n = i, j k; § is the
G-function with high convergence rate:

9 =2¢"" [ sin(nv)—g* sin(3-mv) +¢° sin(5-mv) -...].

H} (19)

Let us consider in more detail the calculation of the
complex potential (5) from the known distribution of the
magnetization vector J(z) in D. In the simplest case, the
discrete analog of this equation, by analogy with (15),
takes the form

ENACIES WA LR
o (20)
—%(z—gk)].mk +FLZIka (z-At, - g,),

1 Q k
where for g, using the Green formula we obtain

:[!;g.Afk Z%_[a?(gZ).Ark :%S'[gaz.dgz

:l—(z a,ﬂ/+z a,,k+zk a

Jki

and for () — (7m/w)-u one can use absolutely and
uniformly convergent series

q2n'h72 ~

m mj h+h‘ = 1-¢*"-h7
O , (21
ST 2.3 e |l

1 q2n'h2

orat—-Imz<Im v<Imrt

771 2/1
()= u == clg(mv)+4-
S(u o u= o (cqnv z 7

-sin(27tn-v)j. (22)
n= 1

A more accurate expression for #(z) can be obtained
by passing in (5) to the integral over the boundary S*.

Using (18) and (20), we rewrite (5) as
W(z)= WO(Z)—LZJ" J. 0:[In 8 (v,7)]-dz, +
2n k D

+L 3 ImJ (AT, - g) =Wy (2) - (23)
F.Q
ZJ jlns(v T)d<‘,+—ZIka(zArk g,).
sk
To calculate the integrals in (23), we use the well-
known expansion for the J-function

ln[n- 3‘,(V’ 2
§(0,7)

+2iqz—%[1—cos(27tn V)]

n=1 1+ (1 - q2-n)

Taking into account that in accordance with (12)

jdg?EO,

] =Insin(nv)+
24

J-ln19](v,r) dE = Ilnsin(nv)-df—

3 25
—22,"“;1 -cos(2mn-v)-d&, (25)

n=1g
where a,=¢”"/[n-(1 — ¢™)].
Calculation of the first integral in (25) leads to the
expression

I = jlnsin(nv)-dE: jln nv-Ha—ﬁ) dE=
sk sk i n’

~ [InG-0)dE+ Y [In[ (-8 - (-0’ ] -dE =

==a,- > b, [, (I, =D+, (I, ~D] = (26)
n=0
—ay - Y b, [uy, -(nu, —1)+u,, - (Inu,, —1)]-
n=0
—ay -an uy, -(Inwuy, =) +u,, -(Inu,, -1)],
n=0
where uy,=z —n-wy — zy, Uy, =z + n-w - z,, p =10, j, k;
b,=0,5atn=0and b,=1atn=0.
Calculation of the second integral in (25) gives:
= —Zj a,-cos(2m-nv)- dé Za R
o (27)

[ a, sin(2mny’ )+aku sin(2nny’ )tay, _sin(2mny"* )]

where
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vi=(z-2) oV =iz-2) o,V =(:z-2") o.

It should be borne in mind that the logarithm is a
multivalued function, therefore, when integrating along
the boundary S§*, it is necessary to choose its continuous
branches.

Examples of numerical implementation. Below
are examples of numerical simulations illustrating the
capabilities of the method described. Figures 4-8 show
field patterns (field lines in blue, equipotentials in red) for
a three-component HM with basic periods @,=8, @,=6j.
The external field H, is uniform and directed at different
angles about the horizontal axis.

In Fig. 5 with the same parameters as in Fig. 4, the
field is calculated in the equivalent parallelogram of
periods 2" with ®/=8, @)=-8+6j. Comparison of the
field distribution in Fig. 4 and Fig. 5 confirms the
conclusion about the conservation of field characteristics
at congruent points of equivalent periods. The freedom to
choose from equivalent periods of more convenient for
calculating and visualizing the results in this case clearly
speaks in favor of Fig. 4.

The choice of indicated in Fig. 6 angle 9.2535° is
due to the direction of the external field H, in the
direction of the main axis of anisotropy of the
homogenized HM (calculation — see below).

LN |

T T T T T TR . o
I l‘h" I,

10H]

, I A e i
0 2 4 6 8 10 12
Fig. 4. The field pattern in the three-component HM at
relative magnetic permeabilities of discrete elements £~=1000
and the external medium g.=1. Green dotted line illustrates
the main parallelogram of the periods. External field Hy=1
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Fig. 5. The field pattern in the equivalent basic period
(highlighted in green dotted line) with the HM parameters
of Fig. 4

0 2 4 6 8
Fig. 6. The same as in Fig. 4, but the external field H, is directed
at an angle of 9.2535° to x-axis

0 2 4 6 8
Fig. 7. Relative magnetic permeabilities of triangular, square
and round rods, respectively, equal to 1000, 10 and 2, g=1.
The external field H, is directed at an angle of 45° to x-axis

Figures 8, 9 show the results of solution of the flow
problem: Fig. 8 shows the flow lines, and Fig. 9 presents
the distribution of the magnetization vector in a magnetic
sheet with discrete air voids (see Fig. 8). In this case,
instead of (9) the following equation is used:

(- — -
Jzy=2m, ATy z:%.

i /’le

\f—’\_4

——— v/ —

0 2 4 6 8

Fig. 8. The flow problem. The relative magnetic permeabilities
of discrete elements x =1, of the external medium z,=1000
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0

Fig. 9. Discretization of the computational domain and
distribution of the magnetization vector in the flow problem
(see Fig. 8)

Attention should be paid to an important detail:
despite the simple shape of the main parallelogram of
periods, the boundary conditions on its sides are not
known a priori and cannot be reduced to the conditions
commonly used in FEM.

Calculation of effective parameters of a
multicomponent HM. Since the above method is based
on the determination of the magnetization vector J in the
main parallelogram of the periods, solution of the
homogenization problem poses no significant difficulties.
To do this, it is necessary to calculate J(z), ze (2 for two
mutually perpendicular external fields H,, for example,
for H) = 1 and H, = j. Let us denote the total
magnetization of all elements in 2by .~ @1 25, and
§2y= 2,xT] 42y, respectively. Then the relative magnetic
permittivity tensor x is easily determined through the
effective magnetization of the medium: in vector notation
J=p/Fo=x-H, Obviously, x.~=@mn/Fao, Ky=y/Fa,
K= 23/ F o, K65,= 2/ Fo.

In the general case, for the chosen coordinate
system, the tensor k¥ should be symmetric, but not
necessarily diagonal. To bring it to a diagonal tensor &
with  principal =0) wvalues, we

introduce a new coordinate system (x', y") by rotating the
old one by the angle «. This angle can be determined
from the expression

2K
a= larctg {—W] ,
2 Ky —K

xx Yy

KyxoKyy (ny =Ky

(28)

and the principal values of the tensor k¥ can be
determined from the relations

- (K +KW)+\/(KH —KW)Z +4ny2
XX 2 9

(29)

2 2
(Kxx +Kyy)_\/(Kxx _Kyy) +4ny
Ky = .
2
In accordance with the above, for a medium with
parameters corresponding to Fig. 4, the following results
are obtained:

1,0054 0,0210
0,0211 0,8801 0 0,8766
For the components of the effective relative

magnetic permeability tensor, we obtain the obvious
values: i, =2,0088, i, =1,8801.

To confirm the correctness of the calculations, Fig. 6
shows a picture of the field obtained with an external field
strength Hy=1, directed at an angle o = 9.2535° to the
x-axis (i.e. along the main axis of anisotropy). For effective
magnetization of the medium, a sufficiently accurate result
is obtained: #=1.0089-exp(j-9.2561-1t/180).

For the parameters of the HM corresponding to
Fig. 7, the corresponding results are equal to:

0,4462 —0,0029| _ 10,4461 O
-0,0025 0,5571 |’ 0 0,5572

The components of the tensor of effective relative
magnetic permeability: f,, =1.4461, /,,, =1.5572. Their

= = , a=9,2535°.

>

‘1,0088 0

‘, a=1,4169°.

decrease in comparison with the above values is explained
by a decrease in the effective magnetization of the HM
due to smaller values of the magnetic permeabilities of
the discrete phases. The insignificant asymmetry of the
tensor x is explained by its almost zero non-diagonal
components.

Calculation of the field of magnetic forces. To
further illustrate the capabilities of the developed method,
we present the results of calculating the distribution of the
force field |[H|gradH| = 0,5 grad([H|?). As can be seen
from the last expression, the force field of the HGMS
matrix is completely determined by the distribution of the
modulus of the magnetic field vector H in the working
space of the matrix. Within the framework of the
developed method, this distribution is easily obtained on
the basis of expression (6) using its discrete analogue or
the relation H = —grad(Re#(2)).

To determine the force field F*, it is necessary to
specify the vector of the external (background) field
strength Hy and the dimensions of the matrix elements.
For example, for the HM corresponding to Fig. 4, with the
value of the main period @;=8 mm (the dimensions of the
matrix elements are determined by proportional
conversion and are visible from Fig. 4-9) and the external
field Hy, =5 kA/m direction along this period, in Fig. 10
lines |H|’=const and the magnetic force vectors F*
perpendicular to them are shown. Since the force field of
the matrix is highly heterogeneous, Fig. 10 shows a
fragment of the domain with the most intense force field.
The areas of magnetic particle capture zones are
determined by the known value of the minimum

~, the determination of which is

min

extraction force |F :

beyond the scope of this paper. As noted above, this force
depends on the magnetic susceptibility of the initial
product, the size of the extracted fraction, and other
technological parameters. For example, at

|F*| =|F|, / (#xV)=5510" A%m’, which roughly

min
corresponds to the real values, the isodines |F *| = const

and the particle extraction zones are shown in Fig. 11.
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Fig. 10. Characteristics of the force field of the matrix of Fig. 4
in the corner zone of a triangular element
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Fig. 11. Isodines F | = const and their corresponding
extraction domains of the force field at |F *|min: 5.5:10° A%/m’®
for a fragment of the matrix working space

The above analysis shows that the high
heterogeneity of the force field (even in the extraction
zone, the forces can differ by 2-3 orders of magnitude) is
a negative factor. It is more preferable to have a field
sufficient for extraction with a minimum spread of
magnetic forces (ideally, isodynamic). We also note the
high sensitivity of the force field to the strength value H,
and the size of the filter elements. This casts doubt on the
universality of the recommendations for determining the
optimal geometric shapes of matrix elements without
reference to the magnetic system of a particular HGMS
and its comprehensive study.

Field analysis of the force field in the matrix can be
continued in the following direction. Obviously, the
formed extraction zones reduce the area and geometry of
the pulp free flow area. The hydraulic permeability of the
matrix can be investigated by solving the flow problem
(see Fig. 8) with the geometry of liquid-impermeable
regions modified due to particle sticking.

Thus, the information obtained on the basis of the
developed method can be used in the development of new
and modernization of existing HGMS in the following
directions:

e calculation of the magnetic permeability tensor
values (homogenization problem) makes it possible to

quite accurately determine the magnetic resistance of the
matrix as the main element of the magnetic system of the
separator, and as a result of calculating the distribution of
the magnetic flux in it, to determine the average magnetic
flux density in the matrix and the calculated value of the
field strength H,. For the considered example, /i, =2 and

Hy=5 kA/m, the average magnetic flux density is
B=0.126 T,

o for the selected geometrical and magnetic
parameters of the matrix elements with a known value of
strength H,, it is necessary to calculate the field of
magnetic forces |F | > |F'|min (according to the example of
Fig. 10), and for a given value of the minimum holding
force |F'|yin — the areas of potential extraction zones and
the fill factor of the working space (Fig. 10). It should be
borne in mind that the specific magnetic resistance of the
matrix does not depend on the absolute dimensions of its
elements and the strength of the external field. At the
same time, the magnetic forces |F'| are proportional to
|H,|> and inversely proportional to the absolute sizes of
the elements. From this it follows that the recalculation of
the force field in these cases should not be done, since the

picture of isodines |F | = const remains unchanged, only

the values of their values change;

e calculated configuration of liquid-tight areas makes
it possible to evaluate the hydraulic permeability of the
pulp and decide on a change in the force field F in one
direction or another;

e varying the geometric sizes and shapes of the matrix
elements and conducting a series of corresponding
computational experiments, it is possible to optimize the
HGMS magnetic system as a whole with given
technological limitations.

Thus, the use of the proposed method will create
additional opportunities for improving the technical
characteristics of electrophysical devices with HM
elements, for example, high-gradient magnetic separators,
electrostatic filters, and other structures for which the
universality and accuracy of calculating effective and
especially local field characteristics are decisive.

Conclusions.

1. A universal method has been developed for
calculating the local and effective characteristics of the
magnetic field of a multicomponent heterogeneous
medium with a doubly periodic structure which is based
on solving the integral equation with respect to the
magnetization vector of the elements of the main
parallelogram of the periods.

2. The performed computational experiments confirm
the high efficiency and accuracy of the proposed method.
Its main advantages are the compactness of the
computational domain, the absence of the need to specify
unknown boundary conditions on the sides of the
parallelogram of the periods and severe restrictions on the
geometry and number of components of a heterogeneous
medium.

3.0One of the effective areas of application of the
developed method is the analysis of the force fields of
matrices of high-gradient magnetic separators. The ability
to comprehensively take into account the factors
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determining the effective and local field characteristics
opens up additional possibilities for optimizing the matrix
parameters and improving the overall dimensions and
technological characteristics of the separator as a whole.
4. Without significant changes, the method can be used
in the analysis of other potential fields in doubly periodic
systems (design of electrostatic filters, problems of
flowing around gratings of a complex profile, etc.).
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