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ON ELECTROSTATIC ANALOGY OF MAGNETOSTATIC FIELD
IN INHOMOGENEOUS MAGNETIZED MEDIUM

Purpose. The application in electrostatic analogy of magnetostatics for inhomogeneous magnetized media of two known
magnetization models. Methodology. A comparison of basic equations and formulas of electrostatic and magnetostatic field in
immoveable isotropic inhomogeneous polarized medium for dipole model and the magnetization model by molecular currents is
made. The value-analogues for dipole model of magnetization are established. Results. We have shown that the using of dipole
model of magnetization is correct. There is not even formal analogy with electrostatic field in the case of using the magnetization
model by molecular currents. The relation between the magnetizations for various models is obtained. It allows us to justify the
using magnetization by molecular currents in electrostatic analogy. Originality. The magnetization for dipole model is introduced
and the possibility of using magnetization by molecular currents in the formulas for calculating potential magnetostatic field in
magnetized medium is substantiated. Practical value. The results allow to obtain correct formulation and solution of the problem
of magnetostatic field calculation in inhomogeneous magnetized medium. References 5, tables 1.
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Coenan ananu3 npumeHenun 31eKMPoOCMAMUYECKON AHANI0ZUU 6 MAZHUMOCIMAMUKE HeOOHOPOOHBIX HAMAZHUYUBAIOU{UXCA
cped Ha 0CHOGe OUNONLHOU MOOeNU U MOOENU HAMAZHUYUBAHUA MONEKYAAPHLIMU moKamu. [lokazano, umo KoppeKmuuvim
AGNAECMCA UCNONB308AHUE OUNOILHOU MoOeau HamazHuvueanus. Ilonyuyeno coomuowenue mexcoy HaAMAZHUYEHHOCMAMU
0nA  pa3uyHLIX Mmoodeneil, NOACHAIOU|ee RPUMEHEHUEe 6 INEeKMPOCMAMUYECKOl aHAN02UU HAMAZHUYEHHOCmU
MoneKyaapuvimu moxkamu. bubn. 5, tabdn. 1.

Knrwouegvie c106a: MarHMTOCTATHKA, HAMATHUYMBAIOIIASICH CpPeIa, JIEKTPOCTATHYECKAsl AHAJIOTHs, JUIOJIBHAS MOJeb,

MO.]'IEKyJ'lﬂprIﬁ TOK HAMAarHHYUMBaHUSA, HAMATHUYCHHOCTb.

Introduction. The use of fictitious magnetic charges
for the calculation of magnetostatic fields in magnetized
media is associated with the development of ideas about
the nature of magnetic phenomena and is based on the
electrostatic analogy of the polarization of dielectrics and
magnets [1]. This analogy is based on the formation of
magnetic dipoles, like electric dipoles, but consisting of
two point fictitious magnetic charges (hereinafter — the
dipole model of magnetization). The electrostatic analogy
was used, in particular, by G.A. Greenberg [2] and
K. Simonyi [3].

Subsequently it turned out that magnetization occurs
due to the flow of molecular (microscopic) currents inside
the magnets (such a model will be called the
magnetization model by molecular currents), and the
electrostatic analogy is far from the nature of magnetism
[1, 4]. Despite the formal nature, the electrostatic analogy,
when correctly used, is very effective [1-4].

To different models of magnetization we put in

Je o -
magnetization by dipoles; J - magnetization by
molecular currents. In some books and articles, the
authors describe the magnetostatic field of magnetized

bodies with the help of the scalar potential ¢, which
corresponds to the dipole model, and the magnetization

correspondence  various  magnetizations:

J is used in the formulas for determining ¢,,. A possible
reason for this is the analogy proposed in the textbook [1]

between the polarization of the dielectric P and ,uoj (1o

is the magnetic constant), but the latter requires a
theoretical justification.

The relevance of this paper is that the application of
the electrostatic analogy for the formulation and testing of
numerical algorithms for solving magnetostatic problems
of magnetized bodies leads to difficulties associated with
a lack of clarity in well-known publications.

The goal of the work is analysis of the correctness
of the application in the electrostatic analogy of
magnetostatics of inhomogeneous magnetizing media of
two known models of magnetization.

Basic equations and formulas of electrostatic
analogy. We consider the electrostatic and magnetostatic
field in a stationary isotropic inhomogeneous polarized
medium. The basic equations of these fields and formulas are
presented in Table 1 [1-4]. The analogues in the case of the

dipole model of magnetization are: E and H, D and B
are the intensities, as well as the induction of the electric and

magnetic fields; and; P and J¢ ; pe and p,, are the volume
densities of the polarization electric and fictitious magnetic

charges; pS' and p;! are the volume densities of external [2]

electric and fictitious magnetic charges; & u uo, & is the
electric constant; p and p,,, are the moments of electric

and magnetic dipoles; +q and +m are the point electric and
fictitious magnetic charges located in the dipoles at distance /.

In the formulas for determining P and J¢ the quantity AV
is a sufficiently small volume of the polarizable medium, over
which the sums of the corresponding dipole moments are
averaged. The field of magnetic dipoles is potential, its scalar
potential ¢,, is analogous to the potential of the electrostatic
field . A consequence of the formality of the analogy in

question is that magnetic flux density B becomes an
auxiliary vector. In the formulas for calculating ¢,, and ¢, the
following designations are accepted: in the case of dipoles
distributed in a volume V, the quantity dV), is the elementary
volume centered at the point M € V; in the case of surface
fictitious magnetic charges distributed on the boundary
surface S, the quantity dS), is the elementary area centered at
the point M € S; 7y is the distance between the point with
the current coordinates M and the observation point Q.
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Table 1

Basic equations and formulas for analogous fields calculation

. Magnetostatic field
Electrostatic field (dipole magnetization model)
st st
divE =Pe y Pe_ divg =FLm  Pm_
=) &o Ho Ho
divP=—-p, divJ® =—p,,
D=egb+ P B= g +J°
divD = p}’ divB = p3!
- 1 - 1
P=— ]_5 J¢ = _Z ﬁme
AV T AV T
p=ql Pme =Ml
Ez—gradgo flz—grad(pm
1 =~ 1 ~e 1
0l0)=— [| P(M).grady, —— lavy on(Q)=——| /(M) grady —— |V
TTEY v ”MQ T v }”MQ
1 1 1
9(0)= o(M)——adSy ¢m(Q)=—fUm(M) dSy
471'80 5 I’MQ 47Z',LIO S ”MQ
For the interface of two different homogeneous B=rotd;
media 1 and 2 in the absence of external sources and - ~ 1
assuming that the normal to the boundary is directed to A(Q)zﬂj. Jm (M )—dVM ,
the medium 1, from the equations of the first row of ar 1% Mo

Table 1, 1 the boundary conditions [2] for the electrostatic
field follow —

o
Eyy—Eyy =—*, (1)
€0
and for the magnetostatic field —
o
Hln_Han_m’ @)
Ho

where o,, o0, are the surface densities of polarization
electric and fictitious magnetic charges at the interface,
and

O-e:PZn_Plnoo-m:JSn_Jlen' (3)
In the boundary conditions (1) and (2), as well as in
formulas (3), the indices 1n and 2n have normal
projections of the corresponding vectors in media 1 and 2.
Analysis of the application of the model of
magnetization by molecular currents. First, let us cite
in the same sense order, as for the dipole model (see
Table 1), the basic equations and magnetostatic formulas
for magnetized media based on the model of
magnetization by molecular currents [1, 4]:
rot B = ,uo(jm +0°);

rotJ = jm ;
B =l +7); )

divB=0;

-1 L
J_A_Vgpm 5

P = bySni

where qu is the density of molecular magnetizing

currents; 6% is the density of external conductive
currents; p,, is the magnetic moment of the molecular

magnetizing current i,; s is the area of a microscopic
circle bounded by the current i, flow path; n is the

normal to the microscopic circle in its center; ;I(Q) is the

vector potential of the magnetic field created by the
molecular magnetizing currents.

Comparison of the basic equations and formulas of
the electrostatic field of the polarizable media (see Table
1) and the magnetostatic field of the magnetized media.
This question is not limited only to the discrepancy
between the relations between the vectors D , E , P and
B, H, J, and the difference between the sources of the
fields, the sources of the electrostatic field, dipole-scalar
sources, the magnetostatic sources are the currents (vector
sources). The magnetic field of molecular currents, in
contrast to the field of magnetic dipoles, is vortical, so its
vectors and source densities are related to other equations.

Therefore, we can only talk about the use in
electrostatic analogy based on the dipole model of
magnetization.

On the relationship between magnetizations Je
and J. As we already noted in the Introduction,
K.M. Polivanov proposed an analogy of P and yoj [1]
using the transformation of formula (4) to form

EZILI()I:I-F,U()j.
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In this case, to the term ./ is not given a certain
physical meaning, which can be guessed. To clarify the

latter, we find the relationship between J¢ and J .

First, let us use the idea of replacing circuits with
conduction currents by double magnetic layers [4, 5].
Applying this idea to the contour of the molecular
magnetization current i,, we arrive at a microscopic
homogeneous double layer of fictitious magnetic charges,
which is equivalent to a magnetic dipole.

Secondly, we use the condition of equivalence of the
magnetic fields of the circuit with the conduction current
at large distances from it and a magnetic dipole in a
homogeneous medium  with  absolute  magnetic
permeability u [5]. Applying this condition to the
magnetization models under consideration with
microscopic sources, we have

ﬁme = #Olsm : (%)

Averaging left and right sides of condition (5) over a
sufficiently small volume of the magnetized medium AV,
we find

je:yoj. (6)
The relation (6) makes it possible to use

magnetization by molecular currents in the dipole model
of magnetization and reveals the physical meaning of

,uoj in the analogy under discussion.

Conclusions. The dipole magnetization model and
the magnetization model by molecular currents have a
different physical meaning which results in different
definitions of magnetization and mathematical
descriptions of the magnetostatic field in a magnetized
medium. The field of the dipole model is potential and is
described by a scalar potential, the field of molecular
currents is vortex and is described by a vector potential.
The application of the electrostatic analogy for the
calculation of the magnetostatic field of inhomogeneous
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magnetizing media is correct on the basis of the dipole
magnetization model, however in the calculated formulas
of the potential field, it is possible to correctly use the
magnetization by molecular currents.
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