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NUMERICAL ANALYSIS OF MATHEMATICAL MODELS OF THE FACTUAL 
CONTRIBUTION DISTRIBUTION IN ASYMMETRY AND DEVIATION OF VOLTAGE 
AT THE COMMON COUPLING POINTS OF ENERGY SUPPLY SYSTEMS 
 
Purpose. Perform numerical analysis of the distribution of the factual contributions of line sources of distortion in the voltage 
distortion at the point of common coupling, based on the principles of superposition and exclusions. Methodology. Numerical 
analysis was performed on the results of the simulation steady state operation of power supply system of seven electricity consum-
ers. Results. Mathematical model for determining the factual contribution of line sources of distortion in the voltage distortion at 
the point of common coupling, based on the principles of superposition and exclusions, are equivalent. To assess the degree of 
participation of each source of distortion in the voltage distortion at the point of common coupling and distribution of financial 
compensation to the injured party by all sources of distortion developed a one-dimensional criteria based on the scalar product of 
vectors. Not accounting group sources of distortion, which belong to the subject of the energy market, to determine their total 
factual contribution as the residual of the factual contribution between all sources of distortion. Originality. Simulation mode 
power supply system was carried out in the phase components space, taking into account the distributed characteristics of distor-
tion sources. Practical value. The results of research can be used to develop methods and tools for distributed measurement and 
analytical systems assessment of the power quality. References 8, tables 6, figures 3. 
Key words: power quality, factual contribution, point of common coupling, voltage asymmetry, voltage deviation. 
 
На основе имитационного моделирования проведен сравнительный анализ математических моделей распределения 
фактических вкладов линейных источников искажений в искажение напряжений в точке общего присоединения, 
которые основаны на принципах наложения и исключения. Полученные результаты позволили сделать вывод об эк-
вивалентности двух математических моделей и их произвольном выборе для решения задачи распределения факти-
ческих вкладов линейных источников искажений в искажение напряжений в точке общего присоединения. Библ. 8, 
табл. 6, рис. 3. 
Ключевые слова: качество электрической энергии, фактический вклад, точка общего присоединения, несимметрия 
напряжений, отклонение напряжения. 
 

Introduction. Non-compliance of power quality 
(PQ) to established standards are the reasons the marriage 
of products, equipment damage, and additional power 
losses both in consumers and electrical energy (EE) sup-
pliers [1]. According to some estimates [2] annual eco-
nomical losses in several countries due to the low PQ 
arise USD 10-20 bln. For certain sectors of production 
decrease in PQ can cause damage to 3.800.000 EUR per 
event [3]. Obviously, if this happens, it becomes a ques-
tion of determining those responsible for lowering the PQ 
and compensation of economic damages to the injured 
party. The answer to it is to solve the problem of the dis-
tribution of factual contributions (FC) of sources of dis-
tortion (SD) in the distortion of the voltage at the point of 
common coupling (PCC) [4]. 

Problem definition. One of the new directions of 
development of the FC SD distribution methods in volt-
age distortion at PCC involves the use of mathematical 
models, drawn up in phase coordinates, given the distrib-
uted nature of SD in the power supply system (PSS), 
which are based on the principles of superposition [5] and 
exclusion [6]. 

A mathematical model of the distribution of FC of 
linear SD (undistorting the sinusoidal voltage waveform) 
in the voltage distortion is based on the principle of su-
perposition, involves the expansion of distorting parts of 
voltages in each PCC from the activities of all SD accord-
ing to the following expression: 
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where А is the incidence matrix; undisY  is the matrix of 

undistorted nodal conductivities of the PSS and EE con-
sumers; idis I  is column matrix of distorted currents char-

acterizing the i-th active or passive element with SD. 
A mathematical model of the distribution of FC of 

linear SD in the voltage distortion is based on the princi-
ple of exclusion, involves determining the distorting of 
the voltage in each PCC, introduced by the i-th SD, by the 
following expression: 

iex SD
disdisidis

 
 UUU  ,                          (2) 

где disU  the matrix of distorted parts of voltages in the 

PCC from common action of all SD; iex SD
dis

 U  is the ma-

trix of distorted parts of voltages in the PCC with ex-
cluded distorted part of the i-th SD. 

To check the adequacy and the comparison of the 
proposed new mathematical models of the distribution of 
FC of linear SD in voltage distortion at PCC it is neces-
sary to perform the numerical analysis. 

The goal of the investigation. To perform numeri-
cal analysis of mathematical models of distribution of FC 
of linear SD in voltage distortion in the PCC, based on the 
principles of superposition and exclusion. 

Results of the investigation. We consider the 
PSS of seven EE power consumers (C) (see Fig. 1) 
consisting of a energy supply (ES), generalized electri-
cal network (EN), a power transformer (T) and three 
overhead lines (OL). 
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Fig. 1. Power supply system of seven consumers of EE 

 
The parameters of equivalent circuits of the elements 

of the considered PSS and EE consumers reduced to the 
voltage of 380 V are the following. The voltage on the 

buses of the ES:  0 232ES
AU  V; 

 024 232ES
BU  V;  012 232ES

CU  V. Equivalent 

resistances of the generalized EN:  
EN
AZ  = 0.008 + j0.148 ; EN

BZ  = 0.008 + j0.04 ; 

 EN
CZ  = 0.008 + j0.056 . Equivalent resistances of EE 

consumers: 
 

i  Ci
AZ ,   Ci

BZ ,   Ci
CZ ,  

1 7.2 + j3.7 6.5 + j3.0 6.74+ j3.5 
2 6.9 + j5.2 7.7 + j3.7 6.87 + j3.9 
3 13.7+ j5.2 15.1 + j4.7 14.2 + j4.6 
4 9.7 + j3.2 8.9 + j3.1 10.5 + j3.5 
5 6.3 + j1.9 6.8 + j1.4 7.2 + j1.9 
6 17.2 + j7.1 19.8 + j8.1 15.6 + j6.5 
7 13.9 + j3.9 14.9 + j4.9 15.1 + j4.5 

 
Resistance of the power transformer: 

TphZ   = 0.00105 + j0.0072 . Conductivity of the power 

transformer:  pTY  = 0.001375 + j0.0021 S. Specific re-

sistance of the OL: 25A
sZ = 1.26 + j0.34 /km; 16A

sZ  = 

= 1.97 + j0.345 . 
According to calculations carried out, the steady 

state operation of the considered PSS is characterized by 
parameters given in the Table 1. It follows from them that 
in the PCC No. 5, to which EE consumers C4 and C5 are 
connected, the coefficient of asymmetry of voltage by the 
zero sequence UK0  and steady state deviation of the volt-

age уU  exceed the normal allowable values [7]. On this 

basis, for the PCC No. 5 we determine FC of all SD in the 
distortion of its voltage. 

According to the mathematical models (1) and (2) in 
the equivalent circuit of the individual elements of the PSS 
and EE customers distorted part of SD must be extracted 
and identified [8]. If SD is a passive longitudinal element, 
its equivalent circuit will be determined by a series connec-
tion of two resistances, one of which describes the undis-

torted part (  undis
elZ ), and the other – distorting part 

(  dis
elZ ). If SD is a passive cross element, its equivalent 

circuit will be determined by the parallel connection of two 

conductivities  undis
elY  and  dis

elY . For SD, which is an ac-

tive element the equivalent circuit is provided as a serial 

connection of two EMF (  undis
ESE  and  dis

ESE ). 

Determination of distorted part of any SD by voltage 
asymmetry is based on the deflection of its parameters 
from some symmetric state, for example for passive SD: 
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The basis of determination of distorted parts of the 
SD by the deflection voltage are the principles of compli-
ance with the required voltage levels on the ES buses and 
in control nodes of the PSS voltage as well as load of the 
individual elements of EN and EE consumers not exceed-
ing permissible or maximum permissible values for them. 

So, in the case of excess power of consumer above 
the maximum permitted its distorted part will be charac-
terized by the following conductivity: 

2
 

*
  CiphCiph

dis
Ciph USY  ,                      (4) 

where CiphS    is the part of the phase power of the i-th 

EE consumer, exceeding its maximum allowed value; 

CiphU   is the phase voltage of the i-th EE consumer. 

Distortion of the actual voltage on the ES buses 

( fact
ph ESE ) from the value required by the PSS operation 

mode ( undis
ESphE  ) will characterize its distorted part: 

fact
ESph

undis
ESph

dis
ESph EEE     .                    (5) 

In our case, the maximum permitted power of elec-
trical loads of each EE consumers are listed in Table 2. 
On operation mode conditions of the PSS the voltage on 
the ES buses must be maintained as nomU065,1 . Voltage 

regulation by the power transformer is not performed. 
On the basis of the above expressions and addi-

tional information about the PSS operation, distorted 
and undistorted parameters of all its SD are determined 
(see Table 3 and Table 5). According to the mathemati-
cal models (1) and (2) the distribution of FC of linear 
SD in distortion of the voltage in the PCC No. 5 corre-
sponds to the data given in Table 4 and Table 6. For a 
more visual representation these results are presented in 
Fig. 3 in graphical form. 
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Fig. 3. Graphical representation of the distribution of FC of linear SD in voltage distortion in the PCC No. 5 
on the base of the mathematical model: (1): a) by the voltage asymmetry; b) by the voltage deviation 

 
We estimate the divergence of results for the dis-

tribution of FC of linear SD in distortion of voltages in 
the PCC No. 5, obtained on the basis of (1) and (2) 
mathematical models, by the relative root-mean-square 
deviation: 
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where n is the total number of SD; symbols 1 and 2 corre-
spond the mathematical model (1) and (2), respectively. 

In our case,  by the voltage asymmetry is 6.4·10-5 %, 
and by the voltage deviation – 8.1·10-4 %. These values 
lead to the conclusion of equivalence of (1) and (2) 
mathematical models and, consequently, their arbitrary 
choice for the solution of the problem of the distribution 
of FC of linear SD in the voltage distortion in the PCC. 

We analyze the obtained FC distributions. Firstly, 
FC distribution of linear SD in the voltage distortion in 
the PCC is a vector (two-dimensional) quantity. It is ob-
vious that in such a form the FC can not be used for the 
distribution of financial compensations for the reduction 
of PQ and it is necessary to provide a corresponding one-
dimensional criterion. We set as the basis of the one-
dimensional criterion of the FC distribution the FC scalar 
product in vector form: 
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Such an approach means that this criterion assesses 

the FC by projections of vector FC iDSFC
disU    on the total 

vector of the voltage distortion in the PCC PCC
disU . Omit-

ting the module in the expression (7) it is possible to addi-
tionally take into account the effect of the voltage distor-
tion compensation introduced by separate SD. In our case, 
this effect is most clearly demonstrated by the vectors 

4
0
FC CU  and 6

0
FC CU  (Fig. 3,a). 

Secondly, in the voltage distortion in the PCC No. 5 
all SD PSS take part. Here, FC SD outside the PCC No. 5 

may be comparable to or greater than FC SD connected 
directly to the PCC considered. 

Third, the discrepancy of the FC ( 
disU  =  

= 5PCC№
disU   FC

disU  ) between all SD (Fig. 3,b) which is 

caused by not taking into account or the inaccuracy of the 
determination of distorted parts of some SD is possible. 
To eliminate it is enough to group the unknown or ill-
defined SD, belonging to the same subject of the energy 
market, for example, the PSS, and to determine their total 
FC by excluding from the total distortion level voltages in 
the PCC: 

PSSFC
disU   = 5PCC№

disU   ΣFC Ci
disU .                (8) 

On the basis of the above, a one-dimensional distri-
bution of the FC by the voltage asymmetry in the PCC 
No. 5 will be: 

 
EN C1 C2 C3 

8.6·10-6 1.0 13.43 5.36 
П4 П5 П6 П7 iDSFC  , % 

13.31 55.24 8.77 2.9 
 

Assuming that distorted parts of the SD part from 
the side of the EE customers are identified accurately and 
distorted parts of the SD from the side of PSS elements 
are grouped, the one-dimensional distribution of the FC 
by the voltage deviation in the considered PCC will be: 

 
PSS C1 C2 C3 

80.64 4.46 10.56 0 
П4 П5 П6 П7 iDSFC  , % 

4.34 0 0 0 
 

The obtained results show that most part of the pay-
ments for compensation of economic losses for the sub-
jects of the energy market in the PCC No. 5 from the 
voltage asymmetry falls on EE customers C5 (55.24 %) 
and C2 (13.43 %), and from the voltage deviations – on 
the PSS (80.64 %) and EE C2 customer (10.56 %). 

Conclusions. Mathematical models of determination 
of FC of linear sources of SD in the voltage distortion in 
the PCC, based on the principles of superposition and 
exclusion, are equivalent. To assess the degree of partici-
pation of each SD in the voltage distortion in the PCC and 
the distribution of financial compensation to the injured 
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party between all SD, a one-dimensional criterion of FC 
distribution based on the scalar product of vectors is de-
veloped. Not accounting the group of SD, belonging to 
one subject of the energy market, permits to determine 
their total FC as the discrepancy of the distribution of FC 
between all SD. 
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