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NUMERICAL COMPUTATION OF ELECTRIC FIELDS IN PRESENCE
OF CURVILINEAR INTERFACE BETWEEN CONDUCTIVE AND
NON-CONDUCTIVE MEDIA

Purpose. To elaborate a method of electric field numerical calculation in systems with curved boundaries between conductive and
non-conductive media at final volume method usage and application of the rectangular grids. Methodology. At electric field
calculation in quasi-stationary approximation, potential of the whole conductive object (rod) is constant. At final difference
scheme writing, presence of the curved part of the boundary between conducting and non-conducting media has been taking into
account as follows. It was supposed that curved section complements the closed loop on which integration of the solvable
equation is done instead of a straight section which extends within a conducting medium. Usage of this approach allows taking
into account square of the curved sections of the boundary and distance between surface of non-conductive medium and nearest
nodes of the computational grid. Results. Dependence of the maximum electric field intensity on the height and radius of
curvature peaks rods has been got with the help of calculations. As a result, a polynomial approximation for the analytical
expression of the external electric field intensity, upon which application to the conductive object of a certain height and radius of
curvature of its top, corona discharges will develop. References 13, figures 4.
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Onucanvl RPUHYUNGL YUema KPUGONUHETIHBIX SPAHUY, PA30ena NPU UCNOb306AHUU MeN00d KOHEUHbIX 00beM0o6 01 pacyema
ycunenua INeKmpuiecKozo Noas Ha 6epUiUHAX npoeodawux cmeprcheli. C noMOubio npoeeOeHHbIX PAcyemos noayuena
3a8UCUMOCID MAKCUMANLHOU HARPANCEHHOCMU J/IEKIMPUYECKO20 NOJIA OM 6bICOMbL U PAOUYCA CKPYSIIEHUSA 6EPUILH CHIEPIHCHEIL.

B pe3ynemame annpoxcumayuu Oannoil

3aseucumocmu  nNOJIUHOMOM

3ARUCAHO AaHalumu4deckKoe eolparicenue ona

HANPANCEHHOCMU GHEUIHE20 INEKMPUYECKO20 NONA, NPU RPUTIONCEHUU KOMOPO2O K NPOGoOauieMy 00beKny onpedeneHHOU
6LICOMBL U PAOUYCA CKPY2IeHUs 6EPUIUHbBL HA HEM PA38Ueaemcs Kopounsi paszpso. bioin. 13, puc. 4.

Knrouesvie cnosa: ckpyriieHHble BepUIMHBI, KPUBOJHMHEHbIE TPAHUILI, METOJA KOHEYHBLIX 00bLEMOB, PACYETHASI CETKA,

HaNPAKEHHOCTDb 3JIEKTPUYECKOI'0 110151,

Introduction. In a number of practically important
cases information on the distribution character and level
of the maximum electric field (EF) intensity in the
surrounding of tops of conductive rods is required.
Application of systems containing conductive rods, is one
of the possible ways of practical realization of
metamaterials, which are widely spread in recent years
[1]. Systems «rod — plane» are used in high-voltage pulse
engineering for initiation discharges in different media
[2]. This category of objects is elements of power
facilities that can be modeled by peaks with rods of
various shapes. In particular, information about the
intensity of external electric field intensities, at
application of which corona discharges arise is necessary.

Typically, tops of rods used in engineering are
rounded. In calculating the EF in such systems problem of
taking into account the curvature of the surface of tops of
rods arises. The application in this case of the finite
element method does not solve problem fully because the
elements used (e.g., triangles) have corners, which means
that when calculating the intensity of the EF will be too
high compared with the actual values. Taking into
account that the main part of the rod is straight for the
calculation it is appropriate to apply the finite-difference
methods [3]. However, it is known that using the
rectangular calculated mesh to describe the EF in systems
with curved surfaces leads to a significant increase in the
calculated levels of the EF intensity that has no place in

reality [4]. Moreover, utilization of the more fine mesh
only worsens the situation. To solve this problem,
different techniques, such as representation of derivatives
in the form of polynomials, not finite differences, are used
[5]. However, this approach is linked to the complexity of
the problem, so advantaged of the finite-difference
methods such as simplicity and possibility to take into
account nonlinear parameters of media are lost. To
calculate electromagnetic fields in such systems so-called
conformal schemes are used providing averaging of
material parameters of media in volumes of cells located
at their curved interfaces [6]. Utilization of this approach
to media which material parameters differ not more than
in 5-10 times, gives very good results [6-8]. But if these
values differ by several orders of magnitude (for example,
at the location of conducting rod in the air), then, as it will
be shown below, using this method is ineffective.

The goal of the work is development of a simplified
method of incorporation of curved boundary interfaces
between conductive and non-conductive media using the
calculated  rectangular ~ meshes for calculating
electromagnetic fields in the respective systems and the
use of this method to assess by what radius should be
rounded the sharp edges on objects that are in the area of
electric fields impact, so that there are not there corona
discharges on them.
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Electric field modeling at presence of curvilinear
interfaces. We consider the cases where the distance at
which the EF is changing significantly exceed the typical
size of the objects under consideration, so the calculation
can be done in quasi-stationary approximation. The
equations that describe the distribution of the EF, we
obtain in the following manner. We write Maxwell
equations in the form [9]:

rotI:I:yE+a—D, (1)
ot

where H , E are the intensities of magnetic and electric
fields, respectively; 5:8085; & = 0.885-10"" F/m;
e is the relative electric permeability;
conductivity.

We use for the numerical calculation the finite
volume method, at the use of which to the considered area
the rectangular mesh is applied, and the solved
differential equation is obtained by using conservation
laws. To do this, we take the divergence of both parts of
(1) taking into account that at the steady-state mode the
second term on the right side is close to zero. Then we
integrate the obtained equation by elementary cell
volumes, into which the estimated region is divided, and

vy is the

use the substitution £ = —grad ¢ (where o is the electrical
potential). Finally, we obtain:

§—§9.wk=o, @)
3 on

where S are the sides of the parallelepiped, which divide

in half the distances between neighboring nodes; » is the

direction of the normal to the integration contour.

Let us describe in detail the calculation of the EF
near the rounded tops of rods. When using the finite
volume method nodes in which values of potentials are
calculated should be placed at the boundaries between
interfaces [8]. This allows take into account boundary
conditions automatically, without setting their individual
equations.

It is proposed to use this approach to obtain
solutions for intensities of the EF near curved surfaces of
interfaces. We take into account that the system
considered includes conductive (rod) and non-conductive
(air) media. Moreover, in the quasi-stationary case the
conductive object potential can be considered as constant.
We consider three-dimensional objects. First, we consider
the case of rectilinear interfaces (see Fig. 1,a).

The section Z = const of closed contour of the square
S by which of the solved equation (2) is carried out may
be presented in the form of four planes perpendicular to
components of the intensity of the EF: S, and S, — in the
direction parallel to the axis Ox, and Sy, and S,, — in the
direction parallel to the axis Oy.

This is possible because integration of (2) by the

surfaces Sﬁ and Sfxwhich are located close to the

interface between media on both sides of it, in this case,
can be replaced by integration by S}, and S,,.
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Fig. 1. Section of the calculating scheme by plane Z=const in the
case of rectilinear () and curved (b) interfaces

Such a substitution is possible because squares by
which integration is carried out are equal: Sﬁ =S, =
= Sfx = S = A, (where A, is the step by space in the

direction of the axis Ox), and differential analogs of y-
components of the EF intensities by both sides of the

interface: Ey;r] and Ey;; are determined by similar
expressions: as derivatives at step back or step forward in

the integration by Sﬁ and Sfx or as central derivatives
at integration by S, and S,,:
o9 Pij+Lk ~ Dijk

Evi. =—2T ,
Vijk 6)/ Ay
_ 0 Pijk —PijLk
e 3)
Y y

where @;; is the potential of the node (i, j, k); A, is the
step by space in the direction of the axis Oy.

Let us write (2) in the differential form as a sum of
integral by squares perpendicular to axis Ox and Oy,
taking into account that y, <<'y;, and, therefore, y; + v, = y;
(where y;, y. are conductivities of conductive and non-
conductive media, respectively):
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We now consider (i,,k)-th cell of the calculated
system for which the S-contour of integration (2) includes

apart ;7 of curved interface S (see Fig. 1,b). In order
to take into account the presence of this area when writing

the difference that cur

scheme, we ik

assume
complements S to closed contour instead of straight part
S” ‘¢ that runs inside a conductive medium. As noted

above, at the assumptions adopted the potential of all
conductive object (rod) is the same, denoted by U,. With
that, the potential value in the nodes located inside a
conductive medium, are obtained from the solution
automatically when setting the level of potential ¢ = U
on the corresponding part of the outer boundary of the
calculated area. Denote by En the EF intensity near the
surface of the rod directed perpendicular to this surface.
Since the potentials of all nodes located inside and on the
surface of a conductive medium are the same, we assume
that at the determination of En as a potential difference
instead of nodes inside a conductive medium (in our case
(i-1,,k) 1 (ij—1,k) — see. Fig. 1,b) can be used the node
(i'j',k" located on the interface at the place of contact of
the perpendicular to the surface of the node (i,/,k):

6_<pz _ Qijk — @ik Pijk -Uy , (9
on d ijk d ijk
where d,; is the distance from the node (ij,k) to the
curved interface.

Taking into account that the curvature in the
direction of the axis Oz is small, we expand En on the x
and y components, considering that the region is inclined
to the horizontal at an angle o (see Fig. 1,b):

Eni’j,k =—

8(p =E,~ En'sina,
ox
¢
—— =E, = En-cosa. (10)
ay

Then the terms F,; and F,; in (4), for which the
integration contour of equation (2) includes, in particular,
curved planes of the interface, are written as:

ik =Uo
Fxlz—ye~7(pl"/’k {sma SH [+ =k )]+ ke, S“”} (11)

dijk
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h k.= ; k= ;
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sy .Sty S are the squares of straight parts of the contour

of integration S; S{7} -k 1s the square of the curvilinear part

S (see Fig. 1,b).
In writing (11), (12) a simplified approach is used

when it is assumed that when o>m/4 the part S;;%

together with part S, or Sy (in our case this is a part

m y ) complements the part of the integration contour,

parallel to the axis Oy. If o<w/4, the curve S} is
considered as a part of the integration contour,

supplementing with parts Sj, or Sy, (in our case this is a
segment Sf;r) a part of integration contour, parallel to

axis Ox. For the considered cell (see Fig. 1,b) terms F,,
and F, in (4) are determined by the expressions (6) and
(8) as at their obtaining the curved parts are not included
to the integration contour. Finding the length of the

cur
ijk>

str

. Sy as well as

curved part straight segments S

d;jx does not present significant difficulties and could be
done, for example, numerically as a result of more fine
dividing of cells that lie on the interface. And, by the
proposed approach near-boundary cells located inside a
conductive medium, are virtually displaced on it at the EF
determination in  non-conductive medium.  This
«displacement» does not affect the determination of EF
inside a conductive medium because its potential is
constant.

Generally, at the use of finite difference methods
curvilinear boundary between media is replaced by a step
approximating surface [6]. However, this causes the
appearance at the calculation of local areas with increased
intensity of the EF that really has no place [4]. Moreover,
the level of EF intensity in the areas adjacent to the
corners of rectangular cells approximating the curved
surface will be greater, the smaller step of the spatial
calculation mesh. The proposed method allowed tavoid
this problem. Fig. 2 shows the EF intensity distributions
on the conductive sphere surface arecas that is in the
homogeneous EF calculated by using the described
approach (see the dotted curve 2).

Calculation is carried out at the step of the mesh
A =0.02"R (where R is the radius of the sphere). Levels of
the EF intensity modulus in the (i,j,k)-th node are
determined by calculated potentials in the nodes of the
mesh as average values by the cell volume:

- 5 5 5
|E| = \/Exi,j,k +Eyiir +Eziji (13)
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Fig. 2. Calculated EF intensity distributions on the surface of the
conductive sphere of radius R in the homogeneous external EF
of intensity Ey: 1 — analytical solution, 2 — solution by proposed

method

For comparison, in the same figure (see curve 1) the
analytical solution for the conductive sphere in a
homogeneous external EF is shown [10]. As can be seen
from a comparison of curves 1 and 2, the relative
differences in the intensity of the EF for these two cases
are very small, they do not exceed 3 %. As the
calculations with the same step in space demonstrate, at
the step approximation of the interface the relative
differences reach almost 30%.

As noted above, to address this problem, a number
of methods are used [4-6]. They are rather bulky, which
greatly complicates their practical implementation in
contrast to the described approach, not associated with the
introduction of non-orthogonal mesh or increase the order
of approximation of derivatives.

Thus, the use of the proposed approach allows take
into account the square of curved sections of interfaces as
well as the distances between the non-conductive medium
between arranged in near-boundary medium nodes of
computational mesh and the interface. This is possible
due to the use to obtain the solved equations of the
conservation law (in this case, for charge) through the
integration of initial differential equations on contours of
cells of the calculated taking into account configuration of
the interface within each cell.

As the calculations are shown, the EF intensity
values obtained using the conformal scheme [6] coincide
fully with those obtained using the step approximation.
This is because with such a large difference between the
values of conductivity of conductive and non-conductive

media (more than 5-6 orders) the reduce by several times
of the equivalent conductivity of cells located at the
interface and containing conductive and non-conductive
medium practically does not influence impact on
calculated levels of potentials.

Calculation of EF in the neighborhood of a
cylindrical wire rod. The approached described above
permit to perform the calculation of the electric field in
the neighborhood of the conductive cylindrical rod that is
in the vertically directed external EF of intensity £,. The
calculated system that includes a conductive cylindrical
rod with rounded top 1 is shown in Fig. 3.

Analytical solutions for EF intensity in systems
containing cylindrical rods with rounded tops are absent.
To find the distribution of EF we use the numerical finite
volume method [11] and the above proposed approach.
Due to the axial symmetry of the system under
consideration the cylindrical coordinate system was used.
It is assumed that the axis Oz coincides with the axis of
the rod 1 and perpendicular to the ground surface 2 (see
Fig. 3). It is also assumed that the calculation area is
limited by a rectangle with sides z= 0, z = Zax, ¥ = Rinaxs
r=0 (see Fig. 3) and is divided into elementary
rectangular cells.

In order to reduce the calculation region on its
boundaries the so-called well-matched layers (PML) [6]
(see 3 and 4 in Fig. 3) are introduced. These layers
perform a supporting role and are need for guarantee the
rapid and reflectionless decrease of the distortion of the
EF caused by the presence of the considered objects when
approaching the calculation region’s boundaries.
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Fig. 3. Section z = 0 of the considered calculation system,
including conductive rod. 1 — rod; 2 — ground; 3, 4 — PML

Distribution of the EF in the PML is not included in
the results of the calculation. It is supposed that the
electrical conductivity in this layer of thickness d is a
tensor, has different values in the directions of the
coordinate axes Or, Oz and varies in depth of the layer
according to the polynomial law. Thus, for PML, which is
perpendicular to the axis Or (see 4 in Fig. 3), changing
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the r-th — yf ML (7 ) and the z-th — nyL () components

of the conductivity tensor in the direction of the axis Or is
written as [6]:

vEMEY =y0 k() s YEMEY =0 K (),

where k(r)=1+(kpax — 1) (7/d)"; kmax is the maximal value
of k. on the external boundary of the PML-layer; m is the
power; v, is the value of the conductivity of the medium
adjacent with internal boundary of the PML.

Values of the conductivity tensor components in
PML which is perpendicular to the axis Or (see 4 in
Fig. 3) are the following:

M@=y k(). M@ =10/ k().
where k(2) = 1 + (kyax— 1) (2/d)".

The values of electric conductivity in the areas of
PML-layers crossing are found by multiplication of the
respective components in each of the layers.

The conditions at the boundaries of the calculation
area (see Fig. 3) are the following: =0 on the ground
surface (z=0); 0p/on = 0: at R=0 and at r=R,,x (on the
external boundary of the calculation area). In order to take
into account that on the upper boundary of the calculation
after the PML-layer the intensity of the applied EF equals
to Ey, at z = zp,x the condition 6¢/0n = knyax-Ey is used (for
details, see [8]).

Comparison with analytical solution for a sphere in
the homogeneous EF is showed that using ten layers of
PML with parameters m = 5, k. = 5007y, the relative
error of calculation of intensity and potential of the EF no
more than 3 % is provided.

The influence of the geometry of rods with
rounded tops on the maximum intensity of the EF. In
order to assess the effect of height of rods on the
possibility of corona discharge development from them
distributions of the EF at different heights of rods were
calculated.

Preliminary calculations in sequential increasing size
of the limited by PML calculation area in the direction of
the coordinate axes, as well as reducing the computational
mesh’s step have been carried out. It was believed that the
solution adequately describes the distribution of the EF,
when the values of intensities and potentials stop to
change at sequential twice reduction of the step of the
calculation grid and increasing its size. An analysis of the
data made the following conclusions: so that the relative
error does not exceed 3%, size of the calculation area in
the radial direction should be not less than the height of
the rod (H) and in the vertically — in 1.2 times more than
H; the step of the calculation grid mesh be no more than
R/10 (where R is the radius of rod rounding).

The case is considered when it can be supposed that
the uniform EF is applied to the rod. According to the
literature (see, for example, [12, p. 188 and further]) at the
discharges in systems «rod — plane» a so-called critical
radius of the rod is. It is determined by the condition of
the identity of the character of rupture in systems with

rods, radius of which is less than the critical radius: R<R,,,
because at this condition the breakdown voltage does not
depend on the value of R because of the corona. The case
where the value of the radius of the rod equals to the
critical radius is considered — R =R..= 0.1 m [12].

Fig. 4 shows the results of numerical calculation of
the dependence of E,x — maximal intensity levels of the
EF in the vicinity of the conductive rods tops located in
the external uniform field of strength E, (see curve 1) on
their height H. The calculation was performed at the
following of the calculation mesh: A,=A,=R/10,
Zmax = 1.2°H, Ryox = H, H=var.
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Fig. 4. Dependence of the maximal intensity of the EF in the
vicinity of the conductive rod on its height A: 1 — numerical
calculation by using the described approach; 2 — dependence
Eo=Eq H/R; 3, 4 — analytical solutions for conductive prolate
ellipsoid at a distance from the top /=0 (3) and /=R=0.1 m (4);
5 — polynomial approximation of the curve /

The Figure also presents results of engineering
estimates for E,x (curves 2 — 4). Curve 2 corresponds to
the assessment of E,, as ratio of the potential of the EF
at the height of the top of the grounded rod to its radius
@®):

Eoax=E9-H/R.

Curves 3 and 4 are obtained as a result of the use of
analytical expression for the intensity of the EF above the
ellipsoid on its axis (see, for example, [13]) at a distance
from its top A = R, (curve 3) and A = 0 (curve 4). As can

be seen from a comparison of curves 1 — 4, the values
*

Enax = Emax/Eq obtained with real shape of the rod

(cylinder whose vertex is rounded) occupy an
intermediate position relative to the smallest levels (curve
3) that correspond to the distance from the rod which is
equal to critical radius R, and maximal levels that match
a point on the top of the equivalent ellipsoid (curve 4). In
Fig. 4 curve 5 shown by a dotted line corresponds to a
polynomial approximation of the curve 1.

For the range of the change of the ratio of the height
of core (H) to its top rounding radius (R) within
10<H/R<70 the calculated curve of the dependence
E*(H/R) can be approximated by a more simple function
with which for object which is in the area of the electric
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field impact with intensity £, [V/m] it is possible to find a
boundary value for the ratio of the radius of rounding of
its top to its height, which ensures guarantees suppression
of the corona at this object:
RIH>0.7/(3-10%E—6.08).
Conclusions.

1. The proposed method of taking into account the
curved interface between media based on the finite
volume method utilization permits to calculate the electric
field distribution on the surface of the sphere and in its
vicinity with relative error not exceeding 3%, at the step
of the calculation mesh not more than 0.1'R (where R is
the radius of the sphere).

2. Using the proposed method of taking into account
the curved interface between media dependences of
maximum electric field strength at the tops of the rods on
the ratio between their diameter and height are calculated.

3. An expression to assess by which radius they should
round off the sharp edges on objects of the height H,
located in the area of the EF action of intensity £y so that
they are not there corona discharge.

4.1t is shown that the use of analytical solutions for
conductive prolate ellipsoid leads to substantial error at
placement of levels of maximum intensity near the tops of
the rods.
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